Weight enumerators, intersection enumerators,
and Jacobi polynomials

K.Honma, T.Okabe, M.Oura

Abstract

The intersection enumerator and the Jacobi polynomial in an ar-
bitrary genus for a binary code are introduced. Adding the weight
enumerator into our discussion, we give the explicit relations among
them and give some of their basic properties.

1 Introduction

The weight enumerator plays an important role in coding theory. Gleason [6]
initiated the applications of the weight enumerator to the invariant theory of
the finite groups and Broué-Enguehard [3] constructed modular forms from
the weight enumerators. These results were generalized to higher genera
(1,8, 4,16, 10]. In [15], Ozeki provided the new notion “Jacobi polynomial” of
a code. He stated that this comes out of considerations on various invariants
of codes [12, 13, 14] and on Jacobi theta-series [5]. In [11], the notion of the
intersection enumerator is given for some computations of extremal codes. In
the present paper, we discuss these polynomials in an arbitrary genus with
future applications in mind and some results in [15] are generalized to the
case in higher genera.

We shall recall the coding theory (cf. [9, 7]). In the present paper we
restrict to the binary case. Let Fy = {0, 1} be the field of two elements and
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F7 the n-dimensional vector space over Fy equipped with the usual inner
product

n
UV =U01 F o UpUp, U= (Ug,...,Up), V= (V1,...,0,) € F5.
J— ni _ ng
For v; = (v11, ..., V10, ) € F3', w9 = (v91, ..., U2,) € F32, we put
/Ul@/UQ:(/0117"'7v1n17/0217"'702n2)-

We introduce an operation o on F} which is given by
wov = (U, ..., Uply).

This operation satisfies the associative law (u; o ug) o ug = uy o (ug o ug).

We denote by e;, ;, the element of F§, whose entry is 1 for the i1-,..., i,
part and 0 otherwise. For example, e;o = (1,1,0) € F3. Therefore every
non-zero element of F§ can be expressed as e;, ;, for suitable i1, ...,i,. The

zero vector in F§ is denoted by ey. The weight wt(u) is the number of non-
zero coordinates of u. The intersection number u * v in the sense of [15] is
wt(u o v) in this paper. We denote by n4(u1,...,u,) the number of i such
that a = (uy, ..., uy) for a € F4.

A linear code of length n is a linear subspace of F§. We denote by C*
the dual code of C:

Ct={uecFyu-v=0, YveC}

If C = C*, then C is called self-dual. If wt(u) =0 (mod 4), Yu € C, then
C is called doubly even. It is known that a self-dual and doubly even code
of length n exists if and only if n =0 (mod 8).

For a code C} (resp. Cy) of length ny (resp. ns), we denote by Cy @ Cy
the direct sum of €y and (5. In other words,

CieCy = {Ul@UQ | up € 017 Ug € CQ}
The (homogeneous) weight enumerator of a code C' of length n is
Wc(x, y) _ Z xn—wt(u)ywt(u)‘
uelC

This is the first weight enumerator which will be defined in the next section.
The inhomogeneous weight enumerator of a code C' of length n is! W (X) =
We(z 1,y «+ X).

IThe notation z < X means to substitute X for x.




2 Definitions of Polynomials of Codes

We start with giving the definitions of the three different kinds of polynomials
of codes. It should be emphasized that the notion of the genus attaches to
each polynomial.

Definition 1 Let g be a positive integer and C' be a code of length n.
(1) The g-th weight enumerator of C' is

Wc('g)({-ra}ael;\g) = Z H x’ga(iu ..... ug).

(2) The g-th Jacobi polynomial of C with the reference vector v € FY is

Jac9) (C,v] {Xih<i<gs {Xky..k, J2<t<g1 )

1<k < <ky<g+1

cx ()i [

ut,..,ug€C \1<i<g 2<U<g+1 \ 1<k <--<kp<g+1
Ug41=V
(3) The g-th intersection enumerator of C' is

Wxdgs - X (T )}

Ishi<o<kesg ) Tugec Li<i<g \1<ki<<k<g

When no confusion occurs, we omit the notation of variables in the poly-
nomials and write as Wég), Jac9(C,v), and Iég). It is well known that the
g-th weight enumerator is attracted by the number theory (cf. [3, 4, 16]).

Remark 2 (1) W (zg « 1,21 « X) = JadV(C,0] X; + X, Xy5) =
19 (X, + X).

(2) The number of variables in each polynomial is given by
Wég): 29,
Jac'9(C,v): g+ (73 + (ggl) +--+ (gﬁ) =29%1 2
1+ @+ (=1

At this point, the difference between Jac9 (C,v) and ]g]H) is that ]g]H)
contains X1 in its definition, whereas Jac'9(C,v) does not.
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(3) I(Cg) (X4 .4, < 1 for € > 3) is the intersection enumerator in genus g in
the sense of [11].

We shall give the explicit forms for g = 1,2. For g = 1, we have
JacD(CLv| Xy 4 X, Xpp = Z) =Y X! zwtleer)

ueC

This is the Jacobi polynomial of binary codes dealt in [15]. For g = 2, we
have

JaC(Q) (C, ’U) _ Z X;ut(ul)X;ut(UQ)Xi%t(ulouz)Xi%t(ulOU3)X%t(u2c>U3)X;1)2%(u1ougoug)

uy,u2€C

where u3 = v in the right-hand side.

3 Basic Results

The Jacobi polynomial Jac¥ (C, v) has the following expansion?.

1<k < <ke<g+1

Jac(g)(C,U) = Z b({miti<i<g, {Th1..k F2<i<g ) ( H sz>

{m} 1<i<g
Thy..kp
x { 11 < 11 XZ’:.%:J;Z) }
2<0<g+1 \1<k1<--<ke<g+1
where b({m; }1<i<g, {Thy..k, Fo<t<g+1 ) is the number of (uy, ..., u,) € CY
1<k <+ <ke<g+1
satisfying
wt(u;) = m; (1<i<y),
wt(ug, 0+ ouk,) =Tk k, 2<C<g+1, 1<k < ---<k<g+1).

Here we consider as ugy1 = v. We have a trivial inequality wt(u;, o
o, ) < wt(ug, o owy,) for {iy, ... i} C {j1,. -, Je Jes1 }. From this
observation, we have

21f we use the notation r; = wt(u;) instead of m;, some parts of the descriptions below
might be simplified, however, we did not take that way because we need to emphasize
the distinction between m, and 7.. Also we respect the usage of the notation in Ozeki’s
original paper [15].



Proposition 3 If there exists some pair {iy,...,ie} C {j1,---,7e, Jes1} for
some £ > 1 such that
my, < Tjj, forl =1

or
Tiy.ip < Tj1Gedes fOT‘ 4 > 2’

then we have b({m;},{r:, i, }) = 0.
Here we are assuming the convention u,; = v and r,11 = wt(ugi1).
Proposition 4 Let C' be a code of length n which contains all one vector

1 and Jac9(C,v) = SSb({mi}, {rr.x, }) [T X™ HX,:]:}.‘_}:;‘ be the g-th Jacobi
polynomial of C' with the reference vector v of weight k. Fiz j (1 < j < g).

Then it holds
b({mi}, {rey. e }) = 0({mi} k. i, })

where
’ n—m; otherwise,
and
/ o Tk ke ZfZ g {kla"wkf}?
Tkl...k:g - . ) th .
Ty iy — Thiinky  Otherwise,
and i means to exclude i.
Proof. The map (uq,...,u;,...,ug) — (ur,...,1 — ..., uy) is a bijec-
tion from {(u1,...,uy) € C9 | wt(uy o---ow;,) = Ty gy, Vh1, ..., ke} to

{(ur,.. ., uy) € C| wt(ug o---ouy) =14, 1, Vk1,..., ke}. This completes
the proof of Proposition 4.

Making successive use of this proposition, we get, for g = 2,

b({m1,m2}7 {7”1277’13,7’23,7”123})
- b({n — my, m2}, {m2 — 12,k — 113,723,723 — 7"123})
= b({mh n— m2}, {m1 — 712,713, k — T'23, 713 — 7“123})

=b({n —my,n —ma},{n —my —mo+ 119,k — 113,k — rog, k — 113 — ra3 + r123}).

Next, we shall consider the reduction of the intersection enumerator to
the inhomogeneous weight enumerator.



g+1
Proposition 5 (1) I((/?H)(Xkl_,_ke — 1 forl>2)= HWC(Xi).
i=1
(2) I(Cg+1)(variables — 1 except X;) = |C|We(X5).
Proof. For (1), we have

I (X gy Lor >2)= Y ( 11 Xj”““”) { 1T ( 11 1)}

UL,y Ug+1 €CIFTE \1<i<g+1 2<0<g+1 \1<k1<--<kg<g+1

SRS )

ul,...,ug+1609+1 1<i<g+1

- I (x)

1<i<g+1 \u;eC
= ] wexy).
1<i<g+1

The assertion (2) follows from (1) by specializing variables. This completes
the proof of Proposition 5.

We would like to provide the relationship between the weight enumerator
and the intersection enumerator. In order to do this, we require the following

Lemma 6 Let uy,...,uy be elements of F5. Then the following hold for
1<i<qg.

(1) wt(u;, 0---ouy,) = Z ey, (Us o ug).

{in, e} i, ik}
1<g1 < <gr<g

(2) LT (ul’ s >ug) = Z (_1)k_£wt(uj1 00 u’jk)‘

{in, e} i, ik}
1<g1 < <gr<g

Proof. (1) The right-hand side counts the coordinate positions m such
that

/U/’L'l,m = uiQ:m == uilvm = 1

This is wt(u;, o --- o uy,).



(2) The right-hand side is equal to

> (—1)k* > My s (U, - -, Ug)

{i1, i} i, ik} {1, mdkrC{ma,...;ms}
1<i1<<jr<g 1<my <-<ms<g
We examine each term in this sum. It is easy to see that ne, , (u1,...,uy)
appears only once. We calculate the coefficient of n,, . (u1,...,u,) where
{ir, ... e} S {ma,...,ms}. The coefficient is

S W s {inid €k C© s mgd
k={

and this is

Thus, the sum under discussion turns out to consist of essentially only one
term, that is, ne,, (u1,...,uy). This completes the proof of Lemma 6.

Now, we discuss the relations between the weight enumerator and the
intersection enumerator.

Theorem 7 Let C be a code of length n. Then the following hold.
(1)

Wég) Teo = 1, 2oy, 4= H Xy for 1<k <g

{1,550} C{d1,50 008
1<ji<<jr<g

- [(Cg)({Xmg...ie}lgegg ).

1<i1 <2<+ <ip<g



n _1\k _1\k—¢
(2) 2l 1§ | X5, 5 < 2V [T 50 for1 <k <g| =W {wa}uery).

{i1,803C{g1, 00k
1<iy<-<ig<g

Proof. (1) We have that

Wég) Tey +— 1, Te; ; 4 H X,

Tk
{ilz"'yif}c{jlv"'mij}
1<ip<<iy<g

g

E,leAAjk(ul,---yug)

- Z H H Xiy g

UL,y ug €C 11 < <G <g \ {1,000} C{G1,0- 00k}
1<iy <-<ig<g

2 it yosig }C Ly} €1
i .

j : <i1 << <
— )(Z s g
1--.2¢p

u17_..7ugEC 1<j1<<Jr<g

SO | -

ULy ug €C 171 < <j <g

= 1.

(2) We first observe a trivial relation

Neo(Ut, ... Uy) =1 — Z Ny o, (U Ug).

1<ip<<ig<g



Then we have that

(9) _ g (1 ittg) ey ey (11 i)
WC - Leo Teiy..ip

Uul,...,ug€C 1<) <<y <g
. ”*Z1gil<~-~<z‘g§g“611.‘.1'[(“17"'7“9) Neq...ep (UL, stg)
= Teg Teiy ...,
ULy, ugEC 1< <---<4y<g
Lo, . ”ez‘lu,ie(ulv“-vuy)
S l,n 1] -.-p
= X, .
ut,...,ug€C 1<i1 <---<iy<g €0
) . . .y (=1)k—¢ O OUs
T o\ i ied ity e} (7D Wb 0oy )
= :JSZO E | | 1 1<ji<<jr<yg
X
U,..,ug€EC 1<11 <<y <g €o
wt(ujy 0--oug, )
(—1)e—t

_n Lei,...i
= g;eo iy

: . . . . . Te
U1, ug €C 1<j1 < <Ju<g | {i1,...,ie }C{G1,0 00k } 0
1<i) < <ig<g

Making use of
n (L) -

{1,000} g1, 00k }
1<iy <-<ig<g

1\ CDF ) DR () (DR R(R)

we continue
wt(ugy o---ouj, )

D DR | B u A | B

Ul,...,ug€C 1<j1 < <jp<g {i1500yie} {1, i}
1<i1 <<y <g

n _1)k _1\k—¢
= xeolé'g) le---jk < 1‘( 1) H fL'( 1“).612 for 1 < k < q

e €iy
{i17"'7ié}c{j17"'7jk’}
1<iy<<ig<g



This completes the proof of Theorem 7.

We give some examples.

Wé?)(xeo <— 1,3762 <— XQ,Iel <— Xl,xm <— X1X2X12) = Ig)(Xl,Xg,Xlz).

Wég)(xeo <~ 17$61 A X17x62 — X27-7763 — X3>
Teyy — X1 X0 X2, Teyy — X1 X3X03, Teyy — XoX3Xo3, Tepny — X1 XoX3X12X13X03X123)

= I((,?)(Xh Xy, X3, X12, X13, Xo3, X123).

n 7(2) Ley Ley TegLejny (2)
l’e [C (Xl — ’X2 — 7X12 <~ ) - WC (xemxemxemxelz)'
0 x T, T
€0 () e1tes
3 Le Le Le LegLe LeyLe LegLe
-IQI(C)(XH— = Xp — 2 X3 — X —2, X3 ¢ ——2, X3 +— ——=,
0 x Te Lo Lo Loy Lo Teole
€0 €0 0 1 2 1 3 2 3
LeyLegLegLeqos
Xi23 < )
TegLeiaLeizLeas

—w®
- C (xe()? ‘/'Eel ? ':EGQ ) x€127 xe&}? 336137 x9237 ‘T"€123>'

It is known that the Jacobi forms appear in the Fourier-Jacobi expansion
of Siegel modular forms (c¢f. [5, 17, 18]). This is one of the motivations
for Ozeki for conducting studies on Jacobi polynomials. To get similar re-
sults for the g-th Jacobi polynomial, we consider the (g + 1)-th intersection
enumerator. For a code of length n, it holds

+1 wit(u wt(u wit(u wit(ug, 0+-oug,)
e S e T (T )

U1, Ug41€C 2<8<g+1 \1<k1 <+ <kg<g+1

SDOR IO ol B | B | B

ug11€C | u1,...,ug€C 2<U<g+1 \1<k1 < <kp<g+1

= Z Jac(g)(cv’ugH)X;vj(lwﬂ)

ug+1€C
:Z Z Jac9(C,v) X
r=0 velC
wt(v)=r

10



We have thus obtained the following

Theorem 8 Let C be a code of length n. Assuming that X, =Y, we have

n

I((qu):Z Z Jac9(Cv) | Y.

r=0 veC
wt(v)=r

In this theorem, the g-th Jacobi polynomial is obtained from the (g+1)-th
weight enumerator. If we ask any relation between those of the same genus,
we get the following

Proposition 9 The g-th Jacobi polynomial of a code C' with the zero refer-
ence vector 1s the g-th intersection enumerator, that is,

Jac¥9 (C,0) = éq).

Proof. Since we have wt(ug, o --- o ug,) = 0 for ky = g + 1 from our
assumption, it follows that

wt(ugy 0--ouy, ) wt(ug, 0-oug,)
11 11 X ks = ]I | S :
2<U<g+1 \ 1<k1<--<k;<g+1 2<U<g \1<k1<--<k¢<g

Ug+1=V

Therefore we have

Jac(9)<070): Z (H qut(ui)> H H X:i%?o...ouké)

UL, ug€C \1<i<g 2<0<g+1 \ 1<k <-<kp<g+1
Ug+1=V

-y (mee (oo )]

ut,..., ug€C \1<i<g 2<0<g \1<k1<---<k¢<g

)

_ 709
=17,
This completes the proof of Proposition 9.

Proposition 10 Fori = 1,2, let C; be a code of length n; and v; an element
of ¥Fy'. Then, we have

Jac'9(Cy, 1) Jacd? (Cy, v5) = Jac' 9 (Cy & Cy, vy & ).

11



Proof. The proof is straightforward.

We conclude this section with some explicit calculations. Let H be a code
of length 8 defined by the generator matrix

11110000
00111100
000011171
10101010

This is self-dual and doubly even. For simplicity, we set
a=X,b=Xy,c=Xpp,d=Xi3,e = Xo3, [ = Xia3.
We take the following vectors as the reference vectors:
v = (0,0,0,0,0,0,0,0), vy = (1,1,1,1,0,0,0,0), v3 = (1,0,0,0,0,0,0,0).
The terms are grouped following the calculation made after Proposition 4.

Jac® (H,v,) = g) =
(aBbPB+a®+08+1)+14(aBb c* +-b1) +14(a* V3 ' +-a*) + 14 (a’b * +a*b?) +168a* b .

Jac(Q)(H, vy) = (aPbPPdre* fAbPet +ald +1) 4 (aPb ctdre? fA4-btet +aBbictd 4b?)
+ 12(a®b*crd*e® f2 + b*e?) + (a*bPcrdre* f* + abictet 4 atdt + at)
+12(a" b5 dPel f2 + a'd?) + (a'b'etd et [+ atble! + a'bld! + a'be?)
+12(a*b*ctd?e? f2 + atbid®e?) + 12(a*b Pd e 2 4 a*b'c?e?)
+12(a*b*Ed%e* fAat b Pd?) +12(a*b P d*e? f2-a*b d?e*) +96a*b Pd?e? f.

Jac® (H,vs) = (aBb*Edef +bPe+a®d+1)+7(a*b*ctde f +bre+aSbictd+bY)
+ 7(a*t®cdef + a'bice + a'd + a*) + T(a'bictdef + a'ble + a'b?d + a'b'c?)
+42(a*b*Pdef + a*bicPe + a’b*crd + a*bic?).

4 MacWilliams Idenity for Inhomogeneous Ja-
cobi Polynomial

In this section, we give the MacWilliams identity for the inhomogeneous
Jacobi polynomial of a code.

12



Theorem 11 For a code C of length n, we have that

1
Jac9 (C, 0] {Xih<icg, {Xby o Jo<t<gn )
1<k <-<ke<g+1
t(v)
1 Z v Z;
. n g+1 el )
= CgZO 7 Jac! )(val 7 AZky .k, Fo<t<gt1 )
| | 0 0) 1<i<yg 1<k < <ky<g+1
where
E b b by oobm
ZO = Xll P ng H Xml?..mt i 9
b1,...,b4€F2 2<t<g+1
bg+1=0 1<m; <---<my<g+1
. by -.bm )
Zi= Y [ (=nhxp XD 1T Xomam | (1<i<g),
b1,...,b4€F2 2<t<g+1
bg+1=0 1<my <---<my<g+1
b b by oobm
Zyp= ) X XD 11 X
b1,....bg€F> 2<t<g+1
bgtr1=1 1I<mi<---<my<g+1
and for £ > 2
Loy ky

b, +-+bg, +(1-0b bi.
_ H j : (_1) k”-&- ki g ( g+1) ki

<5<t b1,....,bg€F2
1<y <oy <4 b9+1:6ki~a9+1
{kil7"'7ki]‘}c{kl7""kl} J
(1)
bmy...b
XP L X | | .
2<t<g+1

1<my < <m<g+1

Before proceeding to the proof, we give a remark concerning to the defi-
nition of Z, x,. If j = 0 which corresponds to () C {k,. .., k¢}, the product
factor is understood as Zy. The integer b,y = 5k:ij g+1 1s a constant and we

13



need to distinguish the cases k;; = g + 1 and k;; < g+ 1. We note
ki (ki <g+1),
(bgH - 1)’%‘ = ’ ( =9 )

Proof of Theorem 11. We follow the usual method of proving the MacWilliams
identity with the function

1 weCt
(5CJ_<'LU) = {O w € CL

for w € F3. We have that

Jac9)(C+,v) = Z (H Xiwt vi ) (H X;ult v]:;o -ovg, )

V1,e..,0gEC

= > (T o twnx ) (T X))

wi,...,wg EFY

1 wt(w; wt(wp, 0-+-ow
5 (I e ) ([ )

wi,...,wg EFY u; €C
= —1 Z (_1)(u11w11+“'+u1nw1n)+“‘+(“glw91+'“+u9"w9”)
Tl
Ul,...,ug€C
W1,...,wgEFY
Wg+1=V

. w11 Win Wg1l Wgn
XPn X XX

w11wWa1 WinW2n
° X12 PR X12 P

Wk 1 Wkyl Wkyn-Wkyn
’ Xkl..‘k,_; Xkl...kl
wWw1l1w21...Wgl1Wg+1,1 WinW2n ... WgnWg+1,n
X12...g,g+1 . X12A..g,g+1

14



1
~TE, &

Uy, ug€C

H Z (_1)U1iwli+"'+ugiwgi

1<i<g | wiiye- wgi€F2

1
:WZ

Uty ug€C

[T 7 > (yuheret fxp,

ang+1 b1,....,bg€F2
bg+1=ag+1

1 Na(U1,...,Ug,v
:W Z H xa(l g )

uy,...,ug€C ang'H

where

Ta= Y (—Lymbrbetesk xh

b1,...,by€F2
bgt1=ag41

We observe the identity

Na(Ut,...,ug,0) __ .0
I et =ag ]

acFgH! 1<t<gt1
1<k < <ky<g+1

\

15

wig Wgi
XpPm X

X 1

11

2<4<g+1
1<k < <kp<g+1

by,

Xkl...k,_;

2<0<g+1
1<k < <ky<g+1

X 1

2<<g+1

by

Lo
Xkl...kg

1<k <-<ke<g+1

11

0<y<s
1<y <oy <t
{Kiysonski; yC{RL, ke }

(~1)'

Thiy ki

b

ki kg
k1..ke

na(ulv

b,

wt(ug, 0--oug, )

eyUg,V)



by Lemma 6 (2). Therefore we have

1 Na(U1,...,Ug,v
:W Z H xa(l g )

Uy, ug€C acFyT!

Jac(C*,v)

1<0<g+1
1<k <--<ke<g+1

> wt(v)
z; wit(u;)
Lo

Ul,...,ug€C

1 n [ Lg+1
o ( 70

[1

2<l<g+1
1<k < <ke<g+1

-2l

ut,...,ug€C 1<i<g

0<j<t

1<iy <<y <t
\ {kll 17k1J }C{klr"ykf}

v 1l

0<y<e
1<iy <oe<i; <L
 {Fiq ook }C{RL, ket

This is the expected formula stated in Theorem 11 if we put

Zi=x; (0<i<g+1),

and for ¢ > 2

11

Ly =

\ wi(up, o--oug,)

\ wt(ug, 0--oug,)

—1)¢-3

(
Lhiy ki,

2<4<g+1
1<k1 < <ke<g+1

0<j<t
1<y << <Y

{Fig ook }C{R, ket

This completes the proof of Theorem 11.

We give the explicit forms for small genera.
For g = 1, we have that

ro =1+ X,
Ty = 1 _X17
o =1+ X1 Xy,

r12 =1 —X7X9

16



and

For g = 2, we have that

o =14+ X1+ Xo + X1 X5 X9,

T =1- X1+ X5 — X1 X5 X,

To =1+ X1 — Xy — X1 Xo X0,

r3 =1+ X1 X3+ XoXog + X1 Xo X195 X 13 X093 X193,
T2 =1— X1 — Xo + X1 X5 Xy,

r13 =1 — X1 Xq3 + XoXoz — X1 Xp X192 X13 X093 X103,
To3 =1+ X1 X3 — XoXo3 — X1 X0 X 19 X13 X093 X103,
T3 = 1 — X1 X3 — XoXo3 + X1 Xo X12 X 13 X023 X123

and

ToL12 _ ZoT13

aZ13_ 7Z23_ 72123:

XT1T2 173 T2X3 ToT12713T23

_ ToT23 L1X2T3L123

Zi = x;, Lig =

5 MacW.illiams Idenity for Homogeneous Ja-
cobi Polynomial

In this section, we give the MacWilliams identity for the homogeneous Jacobi

polynomial of a code.
In order to homogenize the Jacobi polynomial, we introduce the new

variables o
_ (=1)*7
Xkl...kg - H ykil"'kij :
0<y<!
1<iy <0< <L
{kiysnskii; yC{k1, ke }

Then the homogeneous Jacobi polynomial Jac(C, v; {ya}ang+1) is defined as

17



follows.

3ac(g) (C,v; {ya}ang+1 )

wt(v) j

n [ Yg+1 Yi —8
=Y (_g-i— ) JCLC (O (O { } ) H yl(ﬁl)kz )

1<i<g ’

Yo Yo 0<j<t
1<iy < <ij <t

QUL (S LIRS ) 2<e<g+1
1<k1<-<ke<g+1

wt(ug, 0-oug,)

_ n (71)Z_j
UL,y g €EC 1<<g+1 0<y<t
1<k <-<kp<g+1 1<in << <Y

{kil ..... k‘ij}C{kh...,k‘g}

uy,...,ug€C ang+1

This is a homogeneous polynomial of total degree n. Next we give the
MacWilliams identiy for Jac(C,v; {ya}).

Theorem 12 For a code C' of length n, we have

Jac(CH, v, g {?/a}ang“) = —Jac (C,vi{ Z 1)obrttagh TYby ... by bg+1)}aeF§“)-

|Cl
b1,.. ,bgGFQ
bg+1=ag+1

18



Proof. We have

Jac(CHuifwa) = D ] et

ut,...,ug€CL geFgH

- Z 56&(“}1 6CL Wy Hy"a W1, We,0)

n
W1,...,wgEFY

= ﬁ Z ( 1 U1 Wit Ug Wy Hyna(wl» S Wg,v)

ULy g €EC

= L E (_1)(u11w11+-~~+U1nw1n)+~~~+(u91wg1+--~+ugnwgn)
Cle

ul,...,ug€C
wi,...,wg EFY

X Y(wir o wgr v1) -+ ++ Y(win ... wgn vn)

’C|g Z H Z (_1)U1¢w1¢+---+ugiwgiy(wu Wy V;)

ut,...,ug€C 1<i<n Wij,...,Wg; EF2

Na(Ul,...,Ug,v)

’C|g Z H Z (_1)a1b1+--~+agbgy(b1 - bg bgt1)

uQEC a€F9+1 b1,...,bg€F2

bg+1=ag+1
= — albl+ ~+agb
- ’C’gdac C U5 { Z Yy . by bg+1)}ang“)'
bl, ,bgGFQ
bgr1=ag41

This completes the proof of the MacWilliams identity for the homogeneous
Jacobi polynomial.

We will discuss the applications of the MacWilliams identity in the sub-
sequent papers.
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