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MODULAR FORMS
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ABSTRACT. The weight enumerator of a binary doubly even self dual code
is an isobaric polynomial in the two generators of the ring of invariants
of a certain group of order 192. The aim of this note is to study the
ring of coefficients of that polynomial, both for standard and joint weight

enumerators.

1. Introduction

It is well known(see [7]) that any modular form whose Fourier coefficients
lie in Z can be written as a polynomial over Z in Ey(7), Fg(7) and A(r) =
555 (P — E3), where Ej, is the normalized Eisenstein series of weight k. Fur-
thermore, Igusa[6] and Nagaoka[8] determined the minimal set of generators
over Z of the graded ring of Siegel modular forms of degree 2 whose Fourier
coefficients lie in Z and of the graded ring of symmetric Hilbert modular forms
for the real quadratic fields Q(v/2) and Q(+/5), respectively.

On the other hand, recently the connections between the coding theory
and theory of various modular forms have been well studied(see [1], [3]). For
instance, it is well known that the weight enumerator of every doubly even
self dual binary code is a polynomial in two generators, the complete weight
enumerator I/Ve(81 ) of the Hamming code and the complete weight enumerator
Wg(zlz of the Golay code. The graded ring C[Wé”] of the weight enumerators of
all doubly even self dual binary codes is isomorphic to the graded ring C[Ey, A|
of elliptic modular forms[3]; explicitly,

(1.1) cwi] = cwW Wl = C[E,, Al.
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Since the coefficients of any weight enumerators of codes are in Z, a natural
question is if any weight enumerator of all doubly even self dual binary codes
can be written as a polynomial in We(g1 ) and Wg(if over a smaller ring than C.
It turns out that we can replace C in the equality in the equation (1.1) by

the smaller ring Z[2 The main result of this paper is that we extend this

2 37 7]
problem to genus 2 case as well.

We start with the definitions and the known facts which are needed in this
note. Let &,, be the Siegel upper-half space of degree n and denote by A(I',)x
the ring of modular forms of weight k£ on I',, = Spo,(Z) over C. If f is in

A(T',)g, then f(7) can be expanded into a Fourier series of the following form:

f(r) = Z #(8) exp(2mv/—1trace(s7)) = Z (Z ag(s qus”> qul-“',
520 5420 i<j i=1
where ¢;; = exp(2my/—17;;) and s runs over the set of half-integral positive
(semi-definite) matrices of degree n. For any subring R of C we denote by
Ag(L,,) the R-module consisting of those f € A(L',,)) such that af(s) is in R
for every s and by Ag(I'n) = ®r>0Ar(Ly)r taken in A(T,) == Br>0A(Ln)k;
then Ag(T",) forms a graded integral ring over R. The explicit structure of the
ring Az([,,) is known only for n = 1,2 and we shall use them later.
Let m = (m' m”), with m’,m” € F}; then the theta constants with charac-
teristic m is defined as
1 1 1 1
Zexp%\/_{ (p+2m) (p+§m’)+§(p+§m’)m”}.
peZL™
Let C' be a (linear) code of length k over Fy. The weight enumerator
WS (2, : a € F3) of degree n is defined as
W =W (@, raeFy) = > [ anetre

v1,.., 05 €C a€FY

where n, (v, ..., v;) denotes the number of i such that a = (vy;, ..., vk). We
note that Wé") is a homogeneous polynomial of degree k£ with non-negative
integers as its coefficients. For any subring R of C we denote by R[W(n)} the
graded ring generated by the weight enumerators of degree n of all doubly even

self dual codes of any length over R. It is known that the Broué-Enguehard map
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Th:x, v 0,(27),a € FY, gives the C-algebra homomorphism from C[Wé")]
to A(T,)® = ©p>0,k=0 (mod 4)A(I'n)x- In particular, it gives the isomorphisms
CW] = A(T,)™® when n = 1,2(see [10]). In the next section we explain
our problem dealing with the case when n = 1. The main theme of this note

is to investigate this in the case when n = 2.

2. The case when n =1

In this section, we discuss the case when n =1 (and may omit n =1 in the
notation of the weight enumerator for the sake of simplicity). Before proving
the assertion, we modify our setting. We started from the fact(see [3]) , called
Gleason Theorem, that C[W¢] is generated by W., and W,,, over C, where

8 4.4 | 8
Wey = xg + 1dxyx] + 27,

Wy, = x5t + 75923028 + 257625207 + 75925210 + 232,

The doubly even self dual code of length 8 is unique (up to isomorphism),
however, we may take another doubly even self dual code of length 24 instead
of go4. There exist 7 indecomposable doubly even self dual codes of length
24(see [11)):

2 2 13 4 6
dfy. d10€7, d8> dG; day, dy, goa-

We call them Chy;,...,Co 7. The following table gives the values a;, b;, if
we write

WC24,1' = CLZ'WSS + b’LWg 1=1,2,---,7.

247

Cos1 | Cosp | Oz | Cogs | Cous | Coug | Couy
a; | 5)7 | 4/7 | 3/7 | 2/7 | 117 | 1/7 0
b; | 2/7 | 3/7 | 4)7 | 5)7T | —4/7| 6/7 1

We state the following proposition.

Proposition 2.1. Let R be a ring such that Z C 'R C C. Then we have

111
—, -, -] C R,
535 R
111

RWe| = R[Wes, Wey, ] if and only if Z[ﬁ’ 3 ?] C R,

RIWe| = R[Wes, We, ] if and only if Z]
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and fori=1,2,3,5,6,
11
RWe| = R[Wes, Wey,, | if and only if Z[§, g] CR.

Before proceeding to the proof, we recall the modular forms for I'; over
Z. If we denote by E) the Eisenstein series of even weight £ normalized as
Ey(r) =1-25%"" 03_1(n)g", ¢ = €*™", and if we put A = 27373(E} — E3),
then it is Well known(see [7]) that Az(T'1) = Z[E4, Eg, A]. Moreover, we have
Az(T)® = Z[E,, Al.
Proof of Proposition 2.1 First we consider the case when Cay 7 = gos. Sup-
pose that we have the equality R[W¢] = R[Wey, Wy,,|. We pick the doubly
even self dual code Csq 50 of length 32, which is No.50 in the list taken from

Sloane’s homepage(http://www.research.att.com/ njas/). Direct computation

gives
Wey, 50 = W4 +7 b W W
Therefore R must contain %, % %
Conversely, suppose that Z[3, 5, 3] € R. The inclusion R[W¢| 2 R[Wey, Wi, ]

is trivial and we show the converse. Let C' be a doubly even self dual code
of length k. Then Th(W¢) is in A(Fl)% and Th(W¢) can be expressed in the

form
Th(Wc) Wc(QOO(QT) 910 27' ZCQbEQAb for some Cap € 7.

Since
1

By(r) = Th(W.),  A(r) = 35—

(Th(Wee)” = Th(W,,))

we get

= caB{A
= S Th(W)* g (TR0 = Th(W,)

= CayTh(We,)" Th(W,,,)".

in which ¢z ’s are elements of Z[3, 1, £]. Therefore W is contained in R[W,,, W,,].

This completes the proof of the case when Coy7 = go4.
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For other cases in the proposition, a similar method can be applied and so

we omit the detailed proof. O

3. The case when n = 2

In this section, we shall discuss the case when n = 2 (and may omit n = 2
in the notation of the weight enumerator). Our starting point is the following

equality given in [4]:
C[WC] = C[W€87 W9247 Wd2+47 Wd3+27 de{o}v
where

W = (24) + 759(16, 8) + 2576(12, 12) + 212520(12, 4, 4, 4)
+340032(10, 6,6, 2) + 22770(8, 8, 8) -+ 1275120(8, 8, 4, 4)
+4080384(6, 6, 6,6),

2

1 o
Wi =5 DD (D) Pz | Lk =8,24,32,40

B,¥€FZ \ acF?2

with the usual inner product - of F2. Here we write eg instead of di and
use the convention (x,x*,...) to express the symmetric polynomials, such as
(24) = afy + g1 + 2Ty + 211, ete. In [4] it was shown that We,, Wy, We , W
are algebraically independent over C and there exists a unique relation, which
is explicitly given in [12]:
W2 = —113-32621 - 37*57 1772417 W5, — 260289 - 374571772117 M417 ' W2 W,
32
+ 28821477 - 375 T LT LTI WE Wy + 2 751 37T LTI W
— 27112 - 375 T LTI W W + 21163 - 3T TP I TP AL T WA W
€ 40 es’ " g24
+2173-79 - 3T T TI TR ALT I WE Wy, W — 20107 - 499 - 37241 WA W,
2 24
= 2°389 - 3727 LT LT W W, Wiy +2°5 - 197 - 372117 LT W Wy Wi

o235 gt W + 29375 ML T W W
g24 d40 d24 d40

So, finally we state our main result:
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Theorem 3.1. Let R be a ring such that Z C R C C. Then we have
R[WC] = R[Wesv W9247 W i) Wd3+27 deo]

if and only if Z[%, %, % &, L L] CR.

2737577 11’41

The proof of this theorem is carried out by a similar method to that of

Proposition 2.1. We recall that A(I's) is generated by homogeneous elements

Y4, Ve, X10, X12, X35 over C, each with the subscript as its weight. The normal-

ization is made as follows(we follow the notation in [6]):

Uy(1) =
Vs(7)
X10(T) =
(1) =
(1) =

T

X12(7 Giga2+ )+,

1+
(qugon + -+ )(mm2)* + -+,
(

) = (

Q11QQ2(Q11 —qo2) + -+ )(mT2) + -

=

35
We put
Xy =14, Xo¢=1s, Xio= —22X107 X2 = 223)(12, Xa5 = 22Z'X35;
and
Yip = 279373 X3 — X2) + 2%3% X9, X1 = 272371 ( Xy X12 — X6 X10),
Xig = 272371 (X6 X12 — X7 X10), Xou = 27737 H(XT, — XuX3),
Xog = 27137 ( Xy Xoy — X10X1s), Xyo = 27137 (X Xos — XuX10X16),
Xz6 = 271373 (X12Xos — X759 X16), Xao = 27 %(XuX36 — X10X30),
Xyo = 2723 (X192 X530 — Xy X10Xas), Xug = 272 (X12X36 — X3,).
Igusa [6] showed that the fifteen elements

X47 X67 X107 X127 YP127 Xlﬁ: X18: X24a X287 X307 X357 X367 X407 X427 X48

form a minimal set of generators of Az(I's) over Z. For our purpose,

deduce the following lemma.

we
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Lemma 3.2. The ring Az(I'2)® can be generated over Z by the following

thirty elements:

X47 X127 Y127 X167 X247 X287 X367 X407 X487

and

Xg . XeXw, XeXis, XeXso, XeXip, XeXi,

X XX, Xi0Xs0 . Xi0Xae . Xi0X3,

Xis . XisXso, XisXgp, XigX3s

X3, X30 X, X3 X3,

Xb, XX,

Xi.

Proof. This is derived from the usual argument on the graded ring. See
Chapter III in [5]. O

We notice that the thirty elements in Lemma 3.2 do not form a minimal set

of generators of Az(T'y)™®, however, it is enough for our purpose. We put

11111 1
zZ = Z[Q? gv gv ?7 ﬁv H][Th(Wes)v Th(Wg24)7 Th(Wd2+4)7 Th(defZ)a Th(de{O)]'

By the following two lemmas, we show that the thirty elements in Lemma 3.2

are in Z.

Lemma 3.3. If the elements Xy, X19, X2, X6 X10, X3 are in Z, then the re-

maining twenty five elements in Lemma 3.2 are also in Z.

Proof. This is derived from the definition of each element and the formula

X3 = (=22 X7 X165 + Y5) X6 X10 + (—2° X X7, + 2°Y10 Xog) X
+ (2Y10 X8 + 210X 50) X + 3 - 61X2X 15 X0y — 2- T3X, X X5 + 21055 X7

which was given in [6]. For example, by the assumption that Xy, X2, X, are
in Z, we conclude that Y, = 279373(X? — X?) + 2'3?X}, is in Z. Since the
assertion can be checked directly, we omit the detailed proof. 0

Lemma 3.4. The elements Xy, X192, X3, X6X10, X3, are in Z.
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Proof. It is known that the Broué-Enguehard map gives an isomorphism
C[Wes, hlg, FQ(), Wg%, Wdzo] = A(Fg)(2), where
hiy = (12) — 33(8,4) + 330(4, 4, 4) + 792(6, 2,2, 2),
Fay = (20) — 19(16, 4) — 336(14,2,2,2) — 494(12,8) + 716(12,4, 4)
+ 1038(8, 8, 4) + 7632(10, 6,2, 2) + 106848(6, 6, 6,2) + 129012(8, 4, 4, 4).
The relations among the polynomials and Siegel modular forms can be given
explicitly as follows (cf. [9]);
Wy = 11237277 W + 237203, — 22771,
Wye =43-53- 3777 +2%5 - 23 - 37117 W i,
— 2043 . 3727 LT W Wy, + 2037 hyg By,
Wy =3-19-T'W., +2-5-7-557- 3711 W2 i,
—2°5-19- 7T ITTW2 W, + 205237 W hao Fog + 2°5 - 41 - 377 Fy,
and
Th(Weg) = b1, Th(ha) = s, Th(Fao) = vat)s + 223" x10,
Th(W,,,) = 112713727 + 7-271372¢ — 219327 - 11 0.
So, we have
Xy =Th(W,,),
Xio = Th(=27"9371771W7 + 27371771117 Wy, + 2710371117, ),
X2 =Th (—1122—17—1W€38 4223277, 322—1Wd2+4) ,
XoX10=Th(=5-53- 27137177 'W2 + 5. 27937 771117 W, W,
+53-27 B3 LT W W —3-27 W),
24 32
Xty = Th(—461 - 27237157177 1417 W2 + 2783717 11 M1 WA W,
+ 13- 27137 T LT WE W, — 3 2741 W W
24 32
+ 272375 MW, ).
40

This shows Lemma 3.4. |
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Proof of Theorem 3.1. Suppose that R[We] = R[Weg, Wy, Wy . W . W .
Since the weight enumerator Wdis is uniquely expressed with our fixed gener-

ators as

Wy = 2322229 2723725717241 'W, — 2°13-23 - 3727 211 M1 W W,
+2-23-113- 3727 1T LT W W — 37523 - 27241 T WL Wy
+ 2723 375 ML W W — 2019 - 37272110 W,

+2°23 - 377 MW, Wy +2-23- 37 - 371127,
24

we see that R must contain Z[3, 3, 5, =, 17> 11)-

Conversely, suppose that R contains Z[2, 1,2, 1 L L] It is enough to show

20305770 117 41
that We is in R[Wee, Wy,,, Wt Wt Wdio] for any doubly even self dual code
C. Take any doubly even self dual code C of length k. Then Th(W¢) is
in Az(T), with weight £ and k& = 0 (mod 8). By Lemma 3.2, Th(W¢) is

expressed as the polynomial of the thirty elements Xy, ..., X2, ... over Z, say
D= 3 Xp X
Qe by

in which ¢,..;..’s are integers. By Lemmas 3.3 and 3.4, all thirty elements are

in Z and we have

Th(WC) = Th( Z Ca’b’ 'd’ e /W Wb/ W d+)

g24

a'\b,cd e'€Z
. . . LT . 11 1 1
in which the coefficients c iy raer arein Z[3, 3, z, =, ﬁ, 41] At any rate, W isin

R([Weg, W, Wd;ﬁ; , Wd;&, Wdeo]' This completes the proof of Theorem 3.1. [
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