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Abstract

Fisenstein polynomials, which were defined by the second named
author, are analogues of the concept of an Eisenstein series. The
second named author conjectured that there exist some analogous
properties between Eisenstein series and Eisenstein polynomials. In
the previous paper, the first named author provided new analogous
properties of Eisenstein polynomials and zeta polynomials for Type 11
case. In this paper, the analogous properties of Eisenstein polynomials
and zeta polynomials also hold for the cases Type I, Type III, and
Type IV. These properties are finite analogies of certain properties of
FEisenstein series.
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1 Introduction

In the present paper, we discuss some analogies between Eisenstein series,
Eisenstein polynomials, and zeta polynomials. This paper is a sequel to the
previous paper [10]. To explain our results, we recall the paper [10].
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A linear code C of length n is a linear subspace of . Then, the dual Cct
of a linear code C'is defined as follows: C* = {y € F | (x,y) =0 for all x €
C}. A linear code C is called self-dual if C' = C*. The weight wt(x) is the

number of its nonzero components. The weight enumerator of a code C' is

wc(:v,y) _ Z$n—wt(u)ywt(u) ="+ ZAiSJ”_iyi,

ueC =1
where A; is the number of codewords of weight 7. In this paper, we consider
the following self-dual codes, [1]:

Type I: Over F} with all weights divisible by 2,

Type II: Over F} with all weights divisible by 4,
Type III: Over F% with all weights divisible by 3,
Type IV: Over F} with all weights divisible by 2.

For Type I,...,1V, it is well known that the weight enumerator we(z,y) is
in the space C[f, g], [1], where

Type I: f =2a? +y% g = 2*y*(2? — y?)?,

Type II: f = 2%+ la'y* + %9 = 2'y* (2* — y*)*,
Type I1I: f = 2t + 8xy3.g = v3(2® — ¢*)3,

Type IV: f =22 + 3y g = y*(2? — y*)*.

Let
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e ({110 )

1 /1 2 1 0
Type III: G = <% (1 _1> ; (O ezwﬁ/:ﬁ) >’

1/1 3 10
Type IV: Gy = <§ <1 _1) , (0 _1)>.

It is known that for X € {I,...,IV}, a weight enumerator of Type X codes
is an invariant polynomial of the group Gx, namely, for all o € Gx,

wc(O'(l’, y)) - wc(l’, y),

where o(x,y) = o' (x,7). We denote by C[xz, y]* the Gx-invariant subring
of Clz,y].



Here is a typical example of C[z,y]%. Oura defined an Eisenstein poly-
nomial for Type II as follows:

P01 = o O (o)

It is straightforward to show that the Eisenstein polynomial for Type X is in
Clx, y)¢x.

We introduce an expression relating Gy and modular forms M (I'y). For
the detailed expression of modular forms, see [1, 5, 6, 8, 9]. For Clx, y]°x,
we construct the elements of I'; as follows:

Th: Clx,y]%* — M(I))
x = folr) = Z exp(my/—17b%/2),

beZ,b=0 (mod 2)

y— fi(r) = Z exp(my/—17b%/2).

beZb=1 (mod 2)

The map Th is called the theta map.
Here is a typical example of M (I';). The Eisenstein series for I'y is defined
as follows:

2k
() =1 2 Zak,l(n)q",

where By is the k-th Bernoulli number and oy_1(n) := 3, d*=t. For the
detailed expression of the Eisenstein series, see [1, 5, 6, 8, 9].

The elements of both M(T';) and C[z, y]“* are “invariant functions” and
the Eisenstein series and the Eisenstein polynomial are “average functions”
of the groups. Therefore, these two objects are expected to have similar
properties. Moreover, for f € C[z,y]®%, it is expected that f and Th(f)
have similar properties. Table 1 shows a summary of the concepts that we
have introduced so far. .

For oS (x,y) # 0, we denote by ¢©9¥(z,y) the polynomial ¢S (z,y)
divided by its 2 coefficient. We give some examples in Table 2.
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Table 1: Summary of our objects

Iy G
M(Fl) C[.’L’, y]GH
Eisenstein series | Eisenstein polynomials
f Th(f)

Table 2: Examples of Eisenstein polynomials

( " (2, )
8 % + 1daty? + o8

12 | 2'? — 332%y* — 33248 + y'2

In [15, 12], several analogies between Eisenstein series and Eisenstein
polynomials were reported. Suppose p is a prime number and v, is the
corresponding valuation for the field Q. Then a € Q is called p-integral if
vp(a) > 0. Eisenstein series have the following properties:

(1) All of the zeros of the Eisenstein series are on the circle {eV=1 | 7/2 <
0 <2m/3} [17].

(2) The zeros of the Eisenstein series 1, '(z) are the same as those for

wzfig(Z) [13].

(3) For odd prime p, where p > 5, the coefficients of the Eisenstein series
Wit (2) are p-integral [7, P. 233, Theorem 3], [9].

Oura’s conjecture states that the analogous properties of (1), (2), and (3)
also hold for Th(¢;). Namely,

Conjecture 1.1 ([15, 12]). (1) All of the zeros of Th(¢S™) are on the cir-
cle {eV=19 | /2 < 0 < 21/3}.

— —_—

(2) The zeros of Th(pS™) are the same as those of Th(gpfﬁl).

—_—

(3) Let p be an odd prime. The coefficients of Th(gpg(;fl)) are p-integral.
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To explain our results, we introduce the zeta polynomials, which were
defined by Duursma [2]. Analogous to coding theory, we say f € Clz,y] is
the formal weight enumerator of degree n if f is a homogeneous polynomial
of degree n and the coefficient of " is one. Also, for

flay) =a"+ ) A"y’ (Aa #0),

i=d

d is the minimum distance of f. Let R be a commutative ring and R[[T]]
be the formal power series ring over R. For Z(T) = > .2 a,T,, € R[[T]],
[T*]Z(T) denotes the coefficient ay. The following lemma follows:

Lemma 1.1 (cf. [2]). Let f be a formal weight enumerator of degree n, d
be the minimum distance, and q be any real number not one. Then there
exists a unique polynomial P;(T) € C[T| of degree at most n — d such that
the following equation holds:

Py(T)

f(m,y) —a”
(1-7)(1 '

- e

T (T +y(1-T))" =

Definition 1.1 (cf. [3]). For a formal weight enumerator f, we call the
polynomial Py(T") determined in Lemma 1.1 the zeta polynomial of f with

respect to ¢. If all the zeros of Py(T") have absolute value 1/,/g, then we say
that f satisfies the Riemann hypothesis analogues (RHA).

In [10], we investigated the zeta polynomials of the Eisenstein polynomials
for Type II. In the following, we assume that ¢ = 2. Below are the cases of
(=8 and { =12:

Table 3: Examples of zeta polynomials

14 P+ (T)
P .
1 2T 2T
182 1 2T : ;;“25 —ZT45 875 | 8I°
B T TR LA TS T

In the previous paper, it was shown that Oura’s observation for the zeta
polynomial associated with Eisenstein polynomials holds:



Theorem 1.1 ([10]). (I) (1) P4, (T) satisfies RHA.

14

(2) The zeros of Pso?ﬁ (T') interlace those of P4 (T).

Pota

(3) Let p be an odd prime with p # 5. Then the coefficients of
P —~— (T) are p-integral.
Pap—1)
(IT) Let p be an odd prime. Then the coefficients of gsz(gfl)(x,y) are p-
integral.

(III) Congecture 1.1 (3) is true.

The main porpose of the present paper is to show that the similar results
hold for the remaining cases. We set the number wyx and g¢x for a unified
definition:

Type It wy =2, ¢t = 2,
Type II: wir = 4, g = 2,
Type I1I: wyr = 3, g = 3,
Type IV: wry = 2, qry = 4.

Theorem 1.2. For X € {I,II[, IV},
(I) (1) P4, (T) satisfies RHA for gx.

Pe

(2) The zeros of PS%FX (T') interlace those of P — (T).

L'OZ-!—wX

(3) Let p be an odd prime and assume that p # 3 for the case Type

III. Then the coefficients of P 5— (T') are p-integral.
P2(p—1)

(IT) Let p be an odd prime and assume that p # 3 for the case Type III.
Then the coefficients of go/zc(g_/l) (z,y) are p-integral.

(III) Let p be an odd prime and assume that p # 3 for the case Type III. The
coefficients of Th(go/QG(\’;_/l)) are p-integral.

In Section 2, the proof of Theorem 1.2 is provided along with concluding
remarks.



2 Proof of Theorem 1.2

In this section, we provide the proof of Theorem 1.2.

2.1 Preliminaries

Before proving Theorem 1.2, we first recall a property of zeta polynomials.
The zeta polynomial Py(T") associated with f is related to the normalized
weight enumerator of f as follows:

Definition 2.1 (cf. [4]). For a formal weight enumerator f(z,y) = Y 1, Az 'y,
we define the normalized weight enumerator as follows:

q—le/( )ti_d'

P;(T) and Ny(t) have the following relation:

Theorem 2.1 (cf. [4]). For a given formal weight enumerator f(x,y) with
minimum distance d, the zeta polynomial Pr(T) and the normalized weight
enumerator N¢(t) have the following relation:
Py(T) T
1-T)(1—qT) 1-7

(1-T)" = Ny ( ) (mod T4+,

2.2 The explicit form of the Eisenstein polynomials

The explicit form of the Eisenstein polynomials @ZGX (x,y) are given by
Theorem 2.2. (1) Type I:

i (2,y)
/ o
zt 4yt + J Z ( ) 2yl if¢=0 (mod 2),
= 24 V2 et moa2) V
0 if C£0 (mod 2).

(2) Type III:

SOGIII ({E y)

- 5 J Z 27 <£) ey if £=0 (mod 4),
= 3+V3 0<j<tj=0 (mod3) W

0 if ¢£0 (mod 4).



(3) Type IV:

o™ (@,y)
zt + 2 Z 3/ ¢ 27y if£=0 (mod 2)
2+2¢ j ’
0<j<£,j=0 (mod 2)
0 if ¢ 0 (mod 2).

Proof. We prove only for the case Type I. In Appendix A, we give the proof
for the other cases.
By a direct calculation,

oy (,y)
1 1 1 ¢ 1 ¢
T 211 (“* () + (Ggte—n) +

1 ¢ 1 ‘
+(—z) '+ (——=@+y) ) +|——F=@—y) ) +(-»)].
o)+ (=gt tn) + (-5 -n) <y>>
Then the result follows.
Note that the elements of Gy are listed in one of the author’s homepage
[11].
O

2.3 The explicit form of the zeta polynomials

To prove Theorem 1.2, we provide the explicit formula of the zeta function
associated with Eisenstein polynomials:

—_—

The zeta polynomial associated with Eisenstein polynomials ngGX is writ-
ten as follows:

Theorem 2.3. (1) Type I: For { =0 (mod 2),

2+ V2T
P (T) = 7
# 242
(2) Type I1I: For £ =0 (mod 4),
5. 92 (0—14)/2
P+ (T)= —3)7T%.
LprII( ) 3 \/gﬁ ]z:; ( )



(3) Type IV: For £ =0 (mod 2),

/—

[\

6
P& (T) =

—2)777.

Il
o

J
Proof. We prove only for the case Type I. In Appendix B, we give the proof

for the other cases.

Let N be the normalized weight enumerator of WGI. By Definition 2.1,
Pe
we have

) .
N—(t) = > LA S
e 0<j<tj=0 (mod2) 2 T V2

2 1 2
= ; s+ 1- 2|77 (mod ¢71).
24+v2 1t 2++/2

Then, by Theorem 2.1, we have

P : T

A—T)1—2T) (1-T) = N;ZGVI (ﬁ) (mod T°77)

<:>P;£51 (T) = N;?vl (1 TT) (1 _(?)_(%T;)’QT) (mod Té—l)
2 1-T7)* (1-T)(1-2T)

o4 (A=T2-T2 (1-T)

2 T \“?(1-T)1-2T) R
+<1 2+\/§£)(1‘T) (e
2+ V2T
2+ 2"

Then, we have

(mod T°71).

£
2+\/§Té_2
P&(T)= ——g—.
®e 24++/2



2.4 Proof of Theorem 1.2

In this section, we provide the proof of Theorem 1.2.
First, the following lemma:

Lemma 2.1. Let { = 2(p — 1) for some odd prime.
(1) We have
2+ V2 #0 (mod p).

(2) Assume also that p # 3. Then we have
3+ \/ge #Z0 (mod p).

(3) We have
24+20#0 (mod p).

Proof. We prove only for the case (1). The other cases can be proved simi-
larly.
By Fermat’s little theorem,

21v2 =249271=22£0 (mod p).

We now present the proof of Theorem 1.2.

Proof of Theorem 1.2. We prove only for the case Type I. The other cases

can be proved similarly.
Clearly (I)—(1) and (I)—(2) follow from Theorem 2.3.

For (I)—(3), we recall that
9 4+ /2 T2
Pl =——17—
i 2+2

Then, from Lemma 2.1 (1), the proof of Theorem 1.2 (I)~(3) is complete.
To show (II), we first recall that

_ p O\ i
SO y) =2t o+ . Z ( ) 2ty
2++/2 0<j<t,j=0 (mod 2) J
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By Lemma 2.1 (1), the coefficients of <p2G(Ip_1)(x, y) are p-integral.
Finally, we show (III). By Theorem 1.2 (II), the coefficients of

e 2 N,
o (,y) = 2"+ + > ( ) 2y

7
242 0<j<tj=0  (mod2)

are p-integral. The theta map fy and f; have integral Fourier coefficients.
This completes the proof. n

2.5 Concluding Remarks

Remark 2.1. (1) The definition of the Eisenstein polynomial for genus g
is given [14, 16]. In the present paper, we only consider the genus one
(9 = 1) case. For the cases with g > 1, do the analogies still hold?

(2) For X € {I,...,IV}, the group Gx is a finite unitary reflection group.
These groups are classified in [18], which gives rise to a natural question:
for the other unitary reflection groups, do our analogies still hold?

Acknowledgments
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A Proof of Theorem 2.2 for the cases Type
III and Type IV

Proof of Theorem 2.2 (2). By a direct calculation,

—_~—

gOGIII (

,Y)
1 1
41+3(%)

(e e

+(ﬁ($+\/—_3y—y)) (7(\/_x+\/_y \/_19)>£

+ (—2)" + (—%(x + 2y)>€

+(—7(x+¢_y y)) +(

(Vo) < x+2y>
—i—(%\/—_l(\/gx— (\/5—3\/—_1) y))é+ (—

+(—V—1z)" + (——\/__1(12: 2y))£

st s (e 7))

Then the result follows.
Note that the elements of Gy are listed in one of the author’s homepage
[11].

1

ST+ VB~ V)

C.O

T v \"
ﬁ‘i‘\/__ly—f‘ﬁ)

]
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Proof of Theorem 2.2 (3). By a direct calculation,

—_—

Grv (

oV (z,y)

- %H%(%)@ <xé—|— <%(m+3y))é+ G(w - 31/))6

+(—z)" + (—%(x + 3y)>€ + <—%(x — 3y)>z> .

Then the result follows.

Note that the elements of Gy are listed in one of the author’s homepage
[11]. O

B Proof of Theorem 2.3 for the cases Type
IIT and Type IV

Proof of Theorem 2.3 (2). Let N-—5— be the normalized weight enumerator
Pe

of gng“I. By Definition 2.1, we have

1 3 -
N (t) = 23+ 302 Z 2t

e 0<j<£,j=0 (mod 3)
322 1

_ 0—2
=3rami—rp Wedt)

Then, by Theorem 2.1, we have

P (T) ) - .
(1—T[)(1—3T)(1_T) EN;;E (ﬁ) (mod T°7%)
P e =N (1 TT) - _(f)_(lT;gT) (mod T*?)

3.2 (1-T)»® (1-T)1-3T)
T3432(1 TP — (273 (1-T)*
322 1

— -2
=3ranipae MedT)

(mod T2)
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Then, we have

5. 92 (0—4)/2
. - - = _2\iT2j
=553 3, (9T

]

Proof of Theorem 2.3 (3). Let N &, be the normalized weight enumerator
Pe

of goeG“’. By Definition 2.1, we have
1 2 o
N @t =< 372
g0?1\/( ) 392+ 9 ' Z
0<j<t,j=0 (mod 2)

2.3 1 .
= 591 = (3T (mod t"77).

Then, by Theorem 2.1, we have

fn D) (1-1)"=Ng, (L) (mod T

(1—T)(1—4T) v \1-T
&P o, (T) = N & (1 TT) a _(1T>_(1T;34T) (mod T*71)
1 2 (1-7)2  (1-T)(1-47) (tmod T4

32420(1-T)2—(37)2 (1-T)3

6 1
= d 1.
sTwirar ™ )

Then, we have

T
[\

P+ (T)= b (—2)77.

<.
Il
o
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