The dimension formula for the ring of code polynomials
in genus 9
By Manabu Oura

The purpose of this paper is to study the dimension formula of the invariant ring
of the specified group Hs. This ring appears in the theory of Siegel modular
forms and in coding theory. As an application of our dimension formula we
give another proof of the fact the associated g-th weight enumerators of the 9
self-dual doubly-even codes of length 24 are linearly independent if and only if
g > 6, which is proved in a recent paper by Oura-Poor-Yuen.

Introduction

Let Fy = {0,1} be the field of two elements. We will assume the order of
elements of FJ is (0,---,0,0),(0,---,0,1),(0,---,1,0),---,(1,---,1,1) when
we need.

Define 29 variables F, for a € Fj. Let C[F, : a € FJ] be the polynomial ring
in these variables. The finite subgroup Hgy, which we shall define in the next
section, of GL(29, C) naturally acts on this polynomial ring. Let R, be the Hg-
invariant subring of C[F, : a € F3] and R be, the yector space of Hg-invariant
polynomials of homogeneous degree m. Runge h%ﬁﬁroved that the ring of Siegel
modular forms of even weight for I'y = Sp(2¢,Z) is the normalization of the
quotient ring of Ry by an ideal of “theta relations” in its field of fractions. We,
however, do not go into details of the theory of Siegel modular forms. Besides
the space Rj*,m = 0 (mod 8), is closely connected to coding theory which we
shall discuss next.

Let C be a self-dual doubly-even code of length m, i.e. a linear subspace of
F?% with the inner product a-b = 3 a;b;, such that C coincides with its dual and
such that the number of non-zero coordinates of every element of C' is congruent
to 0 (mod 4). It is known that a self-dual doubly-even codes of length m exists
if and only if the length m is multiple of 8. Two codes are said to be equivalent
if one of them coincides with another by a permutation of coordinate positions.
The non-equivalent self-dual doubly-even codes are classified upto m = 32. The
numbers of them are

1(m = 8), 2(m = 16), 9(m = 24), 85(m = 32).

In this paper we are mainly interested in the case where m = 24 and they are
denoted by
d%g, dloeg, dg, dé, d24, dg, ga4, dlﬁeg, 62.
In particular go4 is the extended Golay code of length 24. We refer to sz] for a
detailed description of coding theory.
The g-th weight enumerators of a code C' is

Wé‘g)(F) = Z HFrowi(w)-
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We write W unless the dependence on g is noteworthy. The problem we are
interested in is when the g-th weight enumerators of all self-dual doubly-even
codes of the fixed length m are linearly independent. Since equivalent codes
have the same weight enumerator, we have only t%igal with non-equivalent
codes. The first non-trivial case is m = 16. Duke [I] and Runge %ﬁoticed
that the g-th weight enumerators of the 2 self-dual doubly-even codes of length
16 are linearly independent if and only if g > 3. The next case where m = 24 is
treated in Hg], Actually it is proved that the g-th weight enumerators of the 9
self-dual doubly-even codes of length 24 are linearly independent if and only if
g > 6. We give another pr qlf OefIE]iliS theorem in this paper.
The theorem of RungeTﬁ%ﬁWs that the space R;',m =0 (mod 8), can be
spanned by the g-th weight enumerators of self-dual doubly-even codes of length
1. This fact is one of the reason that coding theory plays a significant role in
%, ﬁ%} We might point out that the abstractly defined space Ry" is identified
with the explicitly defined space.

On the groups Hs and Sp(10,2)

We collect the definitions and some properties of the groups which we need
later.

We recall the symplectic group Sp(10,2) of degree 5 over Fo. Let A =
{£2¢,£& £ & (0 < 7)]1 < 4,5 < 5} be the root system of type Cs, and we
choose & — &o,8& — 3,83 — &4, &4 — &5, 2€5 for a fundamental system IT of roots.
We denote by AT the set of positive roots with respect to II. Let Ej;; be the
matrix whose (7, j)-entry is 1 and all the other entries are 0. For 1 <i,5 <5
we put

Teve; = 1+ Eisyj + Ejsyis (0 7 J)
Te, g, =1+ Eij+ Esyjs4i(i <)
Tog, = 14+ Fi 544,
v, ="2.(r € A)

Note that the above matrices in the right-hand side are defined over the field of
two elements. The symplectic group Sp(10,2) is generated by x,(r € A).

The group Hj is generated by the elements 75 and Dgs = diag (i° [“]) for
integral symmetric S, where (T5)qp = (%)5 (—1)2b. Let Hs act on Nj/(i) =
F3 by conjugation. This induces a surjective homomorphism

¥ Hs — Sp(10,2)



Here we need to explain the notation A. Label the basis of C2” as ey, v € F3.
For A € GL(5,2) we define the unitary transformation A € C? by ey A = ey4.

We have given the definitions of Hs and Sp(10,5) and the homomorphism
between them. In order to proceed our computation conveniently we give some
more information. Let e;; be the 5 x 5 matrices whose (7,7) entry is 1 and all
the other entries are 0. For 1 <i,7 <5 we put

XﬁiJrEj = Deij+ej1'7
Xei—g; =1+ eii(1 £ ])
Xin =D,
X_, = T5XTT5(T' € AJr)
W, =X, X_,.X,.(r eIl

Note that the above matrices in the right-hand side are defined over the field of
complex numbers. We have w(X&._;,_fj) = Tg;+¢55 1/)(X§i_§j) = Tg;—¢5s ¢(X2§i) =
T, Y(X ) = z_p, and (W) = w,.

The orders of these groups are not necessary in this paper but we give them
for the convenience.

|Ns| = 4,096 = 212,
|Sp(10,2)| = 24,815,256, 521,932,800 = 22°36527 - 11 - 17 - 31,
|Hs| = 101, 643,290, 713, 836, 748,800 = 23736527 . 11 - 17 - 31,
198 x |N5| = 811, 008.

The meaning of the last number above will be clear in the course of our com-
putation. The number 198 is the number of conjugacy classes of Sp(10,2).

The dimension formula
Theorem. The dimension formula of the invariant ring of Hs is given by
D (dim R 7 = 1415 + 2610 + 2620 4 8¢%4 + 8¢%° 4 3447 + 6017

m

+203t%° 4 553t** + 2063t*® 4 7359¢°2 + 308116
+127416t%0 + 541644t5* + 223567758 + 896637172 + - - -



Proof. First we investigate the conjugacy classes of Sp(10,2). More precisely
we need a representative and an order of each class. There exist 198 conjugacy
classes in Sp(10,2). This is carried out by ’Fﬁg Since we already know the ho-
momorphism v : Hs — Sp(10,2) with Kery) = N5 explicitly, we can decompose
Hj; /N5 into conjugacy classes Zy, Z1,- - , Z197. If we write a representative of
each class Z; as z; N5, the dimension formula of the invariant ring is computed
as follows.

. my am 1 1
2 (dm B 1™ = g}; dot (1 —to)

m

| o7 \Zi]
|Hs| ;nezm det(1 — tz;n)

=148 42610 + 2620 4 8¢ 4+ 8128 4 34132 + 6036 + - - - .

This completes the proof of the theorem.

Corollary. The g-th weight enumerators of the 9 self-dual doubly-even codes
of length 24 are linearly independent if and only if the genus g is greater than
5.

Proof. We already know that the dimension of the space R2* is 8. Here we
observe that a linear relation among weight enumerators in genus g remains in
genus g — 1. This is a consequence of ® operator

o Fb ifCLZ(b())7
(I)(F“)_{o if a = (b1).

Therefore in order to prove the corollary, we have only to show that the 6-th
weight enumerators of the 9 codes are linearly independent. This is obtained
by the fact that the 9 x 9 matrix M which we shall give in the next section is
non-singular. This completes the proof of Corollary.

Some coefficients of Wéﬁ)’s

Determination of all admissible monomials becomes complicated when the
associated genus and length increase, however, it is not the case if we need only
a few of them. For example, arbitrary g elements of a self-dual doubly-even
code gives an admissible monomial. Another construction is “lifting” from one
less genus. Let (a1, az,...,a9,-1) be an admissible monomial of genus g — 1.
Then (a1,0,as,0,...,as-1,0) is admissible in genus g.

We give the 9 admissible monomials below. The choice of monomials is
arbitrary, but the resulting matrix M must be non-singular (as a matter of
fact, we can do this). The first 8 monomials is obtained from the admissible
monomials in genus 5. Only in the following table we use the convention a® =
a,a,...,a.

——

b



(0%2,24,0),
(0%2,4,0%,20,0),

(2,0%,2,0,18,0%,2,0),
(1,0,1,0*,1,0,1,0,17,0,1,0%,1,0,1,0),
(0%,2,0,2,0,16,0%7,2,0,2,0),

(024’ 17 O’ 17 0’ 17 O’ 17 O’ 167 023’ 17 O’ 17 0’ 17 O’ 17 O)’
(2,0%%,2,0%,2,0,2,0,2,0%,14,0),
(2,07,12,0',2,0%,2,0,2,0,2,0%,2,0%),

(1’ 07 17 0137 1’ 07 1’ 04’ 47 0127 227 06’ 17 O’ 17 057 147 057 3’ 27 1)

The following 9x9 matrix M is rank 9. The rows correspond to the 9 self-dual
doubly-even codes of length 24. The columns correspond to the 9 admissible
monomials given above. The order of columns and of rows are the one given in

this paper. The matrix entry is the coefficient of the weight enumerator of the
corresponding code at the corresponding monomial.

1 30 240 0 720 0 1440 1440 16588800

1 24 144 336 120 0 120 0 27095040

1 18 72 0 72 0 0 0 23887872

1 12 24 0 0 0 0 0 18164736
M=11 66 1320 O 11880 0 95040 665280 0

1 6 0 0 0 0 0 0 7741440

1 0 0 0 0 0 0 0 0

1 42 504 1344 1848 1344 6720 20160 0

1 42 504 4032 504 4032 0 0 0

From the matrix M, we know that the dimension of the space RZ? is greater
than or equal to 8, but we can not conclude that it is exactly 8.

All linear relations among Wég)’s, g>3

We collect all relations among the g-th weight enumerators of the 9 self-dual
doubly-even codes of length 24, g > 3. We refer to h’] for the cases g = 1,2.
The dimensions of R§4 are as follows.

g |1]2[3[4[5]g>6
dmRZ [2[3[5[7[8] 9

g =3 We take W¢,, We,, We,, We,, We, as a basis.



54We, = 30We, — 135We, + 160We, — W,
2We, = 132W¢, — 495We, + 440W¢, — 5Wey,
9ch =6W¢, +36W¢, — 54WC3 +20We, + Wcs,
2TWe, = —66We, + 324We, — 351We, + 116We, + 4We,,
g = 4(Proposition 1.5 Eb%) We take We,, We,, Wey, We,, Wey, We,, We, as a

basis.

We, = 66We, —495We, + 880We, — 594We, + 144We.,
We, = —14We, + 710We, — 112We, + 7T0We, — 16We,, + 3We,.

g =5(2) We take We,, We,, We,, We,, We,, Wey, We, We, as a basis.

99We, = —924We, +3465W e, —4928Wer, — TWe, +2772We, —576We, +297TWes,
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