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ABSTRACT. In the present paper, we discuss the class of Type III
and Type IV codes from the perspectives of neighbors. Our in-
vestigation analogously extends the results originally presented by
Dougherty [8] concerning the neighbor graph of binary self-dual
codes. Moreover, as an application of neighbors in invariant the-
ory, we show that the ring of the weight enumerators of Type II
code d and its neighbors in arbitrary genus is finitely generated.
Finally, we obtain a minimal set of generators of this ring up to
the space of degree 24 and genus 3.
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1. INTRODUCTION

One of the most celebrated classifications of codes in algebraic coding
theory is self-dual codes. The study of this type of codes is immensely
significant not only because of its various practical importance, as many
of the best-known codes are self-dual, but also its diverse theoretical
connections with geometric lattices, block designs and invariant theory.
For instance, see [1, 5, 16]. Brualdi and Pless [3] introduced the concept
of neighbors, a remarkable notion in the theory of binary self-dual
codes. Two binary self-dual codes of length n is known as neighbors if
they share a subcode of codimension 1. In a recent study, Dougherty [8]
defined neighbor graph of binary self-dual codes, where two codes are
connected by an edge if and only if they neighbors.

The main purpose of this paper is to extend the results in [8] to the
case of non-binary self-dual codes, namely for Type III and Type IV
codes. We define the notion of neighbors for the self-dual codes over
any finite field as follows:

*Corresponding author.
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Definition 1.1. Two self-dual codes of length n over F, are called
neighbors if they share a subcode of dimension 2 — 1, that is, their

2
intersection is a subcode of codimension 1.

In this note, we discuss some properties of neighbors in different
classes of self-dual codes, specifically, Type III codes, Type III codes
containing all-ones vector and Type IV codes. We refer the readers
to [4, 13, 18] for a detail discuss on Type III and Type IV codes. We
also define the neighbor graphs of above mentioned classes of self-dual
codes. We apply this notion in study of Type III and Type IV codes
and their neighbors. In particular, we use these graphs to count the
number of Type III (resp. Type IV) codes applying the concept of k-
neighbors. Moreover, we use the idea of k-neighbors of self-dual codes
over finite fields to define the notion of k-neighbor graphs. Using this
notion we derive several analogous results of counting formulae.

Definition 1.2. For 0 < k < 7, two self-dual codes of length n over F,
are called k-neighbors if and only if they share a subcode of dimen-

sion % — k.

Finally, we apply neighbors in invariant theory and prove that the
ring of the weight enumerators of Type II code d and its neighbors
in arbitrary genus can be finitely generated over C. Finally, we show
that the space of degree 24 of this ring is strictly smaller than the ring
of the weight enumerators of all Type II codes.

This paper is organized as follows. In Section 2, we discuss definitions
and the basic properties of linear codes, neighbors and graphs that are
needed to understand this paper. In Section 3, we define the neighbor
graph of Type III codes, and answer various counting questions in this
graph. Using k-neighbors we also derive a new formula to count the
number of Type I1I codes. We illustrate these results in Sections 4 and 5
for other important classes of self-dual codes, for example, Type III
codes containing all-ones vector and Type IV codes. In Section 6, we
discuss k-neighbor graphs and its properties. Finally, in Section 7, we
discuss the invariant ring of the weight enumerators of Type II code d;f
and its neighbors.

All computer calculations in this paper were done with the help of
Magma [2] and SageMath [22].

2. PRELIMINARIES

In this section, we give a brief discussion on linear codes and graphs
including the basic definitions and properties. We follow [12, 14] for
the discussions.
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2.1. Linear codes. Let I, be a finite field of order ¢, where ¢ is a
prime power. In this paper, ¢ will be either 2, 3 or 4. Then Fj’ denotes
the vector space of dimension n with inner product:

UV + - -+ upv,, ifg=2,3
u-vi= ) .
uvy + - Fuyy,, ifg=4

for u,v € Fy, where u = (uy,...,u,) and v = (vy,...,v,). Here
Fy:={0,1,w,w?} with 1 + w+w? = 0. We call u and v are orthogonal
Ifu-v=0. An element u € F7 is called self-orthogonal if u-u = 0. We
denote the all-ones vector by 1 and zero vector by 0. The weight wt(u)
of a vector u € Fy is the number of non-zero coordinates in it. An
Fy-linear code C' of length n is a vector subspace of Fy. The elements
of C are called codewords. The dual code of C' is defined as

Cti={veF!|u-v=0foraluecC}

If C C C*, then C is called self-orthogonal. Clearly, every codeword of
a self-orthogonal code is self-orthogonal. In addition, when C' = C*,
we call C' self-dual. It is well known that the length n of a self-dual
code over [F, is even and the dimension is n/2.

Lemma 2.1. Letn =0 (mod 4). Then the weight of any self-orthogonal
vector in Fy is divisible by 3.

Proof. Since n = 0 (mod 4) and x? = 1 for any non-zero x € Fj,
therefore any vector in Fy is self-orthogonal if and only if its weight is
divisible by 3. U

Lemma 2.2. Let n is even. Then the weight of each self-orthogonal
vector in [} is even.

Proof. Since n is even and 23 = 1 for any non-zero x € 4, therefore
any vector in I} is self-orthogonal if and only if its weight is even. [

For any self-dual code C of length n over F,, it is immediate that
Co={welC|w-v=0}

is a subcode of €' with co-dimension 1, where v € Fy is a self-orthogonal
vector not in C. Then it is not hard to show that N¢(v) := (Cp,v) is
a neighbor of C, see [8].

In general, a self-dual code C' of length n over I, has several neigh-
bors. We do not always have that N¢(vy) # Ne(ve) for vy # ve. Then
by the similar arguments in [8, Lemma 3.2], we have the following
useful lemma.
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Lemma 2.3. Let C be a self-dual code of length n over IF,. Let vy and
vy be self-orthogonal vectors in Ty but not in C. Then No(v1) = Ne(vz)
if and only if there exists a vector w € C' such that w-vy = 0 and
vy = w + avy for any nonzero o € F,,.

Lemma 2.4. Let C be a self-dual code of length n over F,. Let vy € Fy
be a self-orthogonal vector not in C'. Then the number of self-orthogonal
vectors v € F? such that No(v) = Ne(vo) is (¢ — 1)g2 "

2.2. Graphs. A graph G := (V| E) consists of V| a non-empty set of
vertices, and E, a set of edges. An edge is usually incident with two
vertices. But if the edge incident with equal end vertices, the edge is
called a loop. A graph is called simple if it has neither loops nor multiple
edges. The degree of a vertex v in graph G, denoted by deg(v), is the
number of edges that are incident to v. The graph G is called regular
if degq(v) is same for each vertex v in G. A path in G is a sequence
of edges (e, €, ..., e,_1) having a sequence of vertices (vq,vg, ..., v,)
satisfying e; — {v;,v;11} for i = 1,2,...,m — 1. If there is a path
between any two vertices of a graph, then the graph is called connected.

3. TypPE III CODES

A self-dual code over Fj is called Type I1I if the weight of each code-
word is congruent to 0 (mod 3). We recall that Type III codes of
length n exists if and only if n = 0 (mod 4). Let Tij1(n) be the number
of Type III codes of length n = 0 (mod 4). Fortunately, we have an ex-
plicit formula that gives the number Ti(n) as follows (see [16, 17, 20]):

21

(1) Tin(n) = H(3’ +1).

i=0
Lemma 3.1. Let n =0 (mod 4). Then the number of self-orthogonal

. . _ n n__
vectors in FY is 371+ 32 — 3271,

Proof. 1t is immediate from [7, Theorem 65]. However, we give a dif-
ferent proof for this particular case. By Lemma 2.1, the number of
self-orthogonal vectors in F% for n =0 (mod 4) is

C(n,0) +2°C(n,3) +2°C(n,6) +--- +3"C(n,n),

where C'(n, k) is the binomial function. Now let w be the primitive cube
root of unity, satisfying w?® = 1 and 1+ w +w? = 0. Then immediately
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we can have
C(n,0) +2°C(n,3) +2°C(n,6) + --- +2"C(n,n)
3 (14 2w)" + (14 20%)"
- 3

_3"+23%
= 3 .
Hence, the number of self-orthogonal vectors is 3"~ + 32z —3z~1. O

Theorem 3.2. Let C' be a Type 111 code of length n = 0 (mod 4).
Then N¢(v) is a Type 111 code if and only if v € F} is a self-orthogonal
vector not in C.

Proof. Suppose N¢(v) is a Type III code. Then v must be a self-
orthogonal vector, otherwise N¢(v) will no longer a Type III code.
Conversely, suppose that v € Fy is a self-orthogonal vector not in C'.
Then by Lemma 2.1, wt(v) = 0 (mod 3). Since C' is a Type III code,
therefore Cp = {w € C | w-v = 0} is a subcode of C with co-
dimension 1. Let w € Cy. Then wt(w 4+ v) = 0 (mod 3), since self-
orthogonal vectors w and v are orthogonal to each other and

(w+v)- (w+v)=w-w+2w-v+v-v=N0.

Therefore, the weight of each vector in Ng(v) is a multiple of 3 and
hence N¢(v) is a Type III code. O

Theorem 3.3. Let n = 0 (mod 4). Let C be a Type 111 code of
length n. If C" = N¢(v) for some self-orthogonal vector v € F%, then
C = Ngi(w) for some self-orthogonal vector w € F%.

Proof. Let C be a Type III code of length n =0 (mod 4). Let v € F%}
be a self-orthogonal vector not in C'. Then by Lemma 2.1, we get
wt(v) = 0 (mod 3). Then Cy = {u € C | u-v = 0} is a subcode
of C with co-dimension 1. This implies C' = (Cp, w) for some self-
orthogonal vector w. By Lemma 2.1, wt(w) = 0 (mod 3). Clearly, w
is orthogonal to each vector in Cy. Moreover, by Theorem 3.2, we have
C" = N¢(v) is a Type 11T code. This implies Nev(w) is also a Type 111
code. Let C, = {u' € C" | v/-w = 0}. Then Cf is a subcode of C’ with
co-dimension 1. Since w is orthogonal to each vector in Cj, therefore
C}, = Cy. Hence C' = (Cy,w) = (C}, w) = Nev(w). O

Definition 3.4. Let n = 0 (mod 4). Let Vir(n) be the set of all
Type III codes of length n. Let I'ip(n) := (Vin(n), Em(n)) be a graph,
where any two vertices in Vijj(n) are connected by an edge in Eyyp(n) if
and only if they are neighbors.
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The following theorems gives basic properties of I'yjr(n) and answers
the various counting questions related to it.

Theorem 3.5. The graph T'y1(n) is simple and undirected.

Proof. Since any Type III code is not a neighbor of itself, therefore
[i(n) contains no loop. Moreover, by Theorem 3.3, we have if C' is
connected to C’; then C” is connected to C. This implies I'y(n) is not
a directed graph. O

Theorem 3.6. Letn =0 (mod 4). Then the graph T'yi(n) is connected
with mazimum path length 5 between two vertices.

Proof. Let C; and Cs be two Type III codes of length n =0 (mod 4).
Let Cy = (v1,...,vn). Then each v; is a self-orthogonal vector such
that wt(v;) = 0 (mod 3). Let Dy := Ng¢,(vy) and D; := Np,_,(v;) for
i=2,...,5. Then Cy, D1, Dy, ..., Dz = C5 is the path from C; to Cs.
Hence the graph I'ip(n) is connected. By Example 3.7, we can have
two Type III codes, say C] and C}, such that the maximum path length
between them in I';jj(4) is 2. Now let the following k-times direct sums
for positive integer k:

Ci=Ci@- &,
Co=0Cy8-- & (.
This implies the length of €'y and C5 is 4k and C; N C5 = 0. Hence

there exists two Type III codes of length n =0 (mod 4) such that the
maximum path length is § in the graph I'ir(n) is 5. O

Example 3.7. Let C] be a code of length 4 over F3 with generator

matrix:
1 011
011 2)/)°

It is easy to check that C is a Type III code. Then D := N¢, (vy) is a
neighbor of C}, where v; = (1,0,2,2) is a self-orthogonal vector in Fj
and not in Cy. Also, Dy := Np, (vy) is a neighbor of D;, where vy =
(0,1,2,1) is a self-orthogonal vector in F3 and not in D;. Immediately,
Dy and Dy are Type III codes. The generator matrix of D, is:

1 0 2 2
012 1)

Moreover, we can see that C; N Dy = 0. This conclude that the maxi-
mum path length of the graph I'jp(4) is 2.

Theorem 3.8. Let n = 0 (mod 4). Then the number of vertices in
) n_q, .
FHI(TL) 18 HzZ:O (32 + 1)
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Proof. We can have the number of Type III codes of length n = 0
(mod 4) from (1). This completes the proof. O

Lemma 3.9. Letn =0 (mod 4). Let C be a Type 111 code of length n.
Suppose vy € Fy be a self-orthogonal vector not in C'. Then the number
of self-orthogonal vectors v € F§ such that No(v) = Ne(vg) is 2.32 71

Proof. By Lemmas 2.1 and 2.4, we can obtain the result. 0

Theorem 3.10. Let n =0 (mod 4). Then the graph T'yp(n) is regular
with degree (32 —1).

Proof. Let C' be a Type III code of length n = 0 (mod 4). Then by
Lemma 3.1, we have the number of self-orthogonal vectors in F% but
not in C' is 3"~ — 32~1. Moreover, by Lemma 3.9, each Type III code
of length n occurs 2.32 ! times. Hence the degree of each vertex v in
FHI(H) is

degFH[(’n) (U) = n = 2
U

Theorem 3.11. Letn =0 (mod 4). Then the number of edges in I'y(n)
18

n_g
1 3 3 n
5 [[G+1) ] @2 -1,
i=1
Proof. By Theorem 3.8, the number of vertex in the graph I'iyi(n)
is 2Hf:_11(3i + 1). Since the graph is regular with degree (32 — 1).
Therefore,

2(Bw(n)| = |2 [J3'+ 1) %(33—1).

This gives the result. 0

In the graph T'yp(n), if the shortest path between two vertices has
length k, we call the two vertices are in distance k apart. In this case,
the corresponding two Type III codes in Viyp(n) are called k-neighbors
and share a subcode of co-dimension k.

Remark 3.12. Every Type III code in Vjji(n) is its O-neighbor.

Let C be a Type III code of length n = 0 (mod 4). For any non-
negative integer k, we denote the number of Type III k-neighbors of C'
by L(n) in Tpp(n). By Remark 3.12, we have L{'(n) = 1. Now the
following theorem gives Li(n) for k > 0.
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Theorem 3.13. Let n = 0 (mod 4). Let C be a Type 111 code of
length n. Then for k > 0, we have

k=1roapn—-1—i _ 9Z-1
£y = Lo & 3% )
[T(3% 38 1)
Proof. Let C' be a Type III code of length n. Then
LY (n) = #{D € Vin(n) | D is a k-neighbor of C'}.

Let Sk(n) be the set of k different self-orthogonal vectors vy, v, ..., vg €
F% and not in C such that each v; are orthogonal to vi,vs,...,v;1.

Then

- #Sk(n)
~ #ways each neighbor of C' is generated’
By Lemma 3.1, we have the number of self-orthogonal vectors in F% that
are not in C'is 3"~* — 3271, Moreover, each choice of a self-orthogonal
vector v; reduces the number of available self-orthogonal vectors in
ambient space by %, since it must be orthogonal to the previous v;
and its weight is multiple of 3. This provides that the number of
choices for the vectors is Hf;ol (37177 — 3271 the number of choices
for self-orthogonal vectors. By using Lemma 2.4 recursively, we can
have Hf;é (32 — 327'77) the number of ways each neighbor of C' is
generated. Hence

Ly'(n)

k— n—1—i n_
LM(n) = Hi:ol(g -3t 1)‘
[T (3% =351

This completes the proof. O

Remark 3.14. Taking £ = 1 in the above theorem, we have

gn-l_33-1 3n_33 33 —1
LIII - n n - n - .
v = ST T o 2

This gives the number of 1-neighbors of C' as presented in Theorem 3.10

Example 3.15. Let n = 4. Then Tiy(n) = ?:—01(32' +1) = 8. More-
over, deg(I'mi(n)) = 1(32 — 1) = 4. This implies the graph Ii(n)
has 8 vertices and is regular with degree 4. By Remark 3.12, we have
Li(n) = 1 for k = 0. By Theorem 3.13, we have the following k-
neighbors of I'ii(n).
111 3* -3
For k=1: L, (n):mzﬁx.

o qmigy . 3=3)(32-3)
For k=2: L. (n)= BT_3)32=1) = 3.

Then 1+ 4 + 3 = 8 which is the total number of Type III codes.
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The observation in the above example concludes the following result.

Theorem 3.16. Let n = 0 (mod 4). Then the number of Type 111
codes of length n is Y 2_, L' (n).

Proof. Let C; and C5 be any two Type III codes of length n = 0
(mod 4). If C; and Cy are connected by a path in I'yp(n), then by
Theorem 3.6, the maximum path length will be 7. This completes the
proof. O

Example 3.17. Let n = 0 (mod 4) be the length of the Type III
codes, |Viii(n)| the number of vertices in the graphs I'yj(n). In Table 1
we listed the k-neighbors of I'yjp(n) up to n = 12. Note that in each
row k goes from 0 to 5 and sum the sum of the k-neighbors in each

row is |Vir(n)| as in Theorem 3.16.

TABLE 1. List of k-Neighbors in I'jjj(n) up to n = 12

n | Viu(n)| B 5 ; k nelg}ilbors . -
8 1| 4 3 0 0 0 0
8 2240 1140 | 390 1080 729 0 0
12 144817920 || 1 | 364 | 33033 | 914760 | 8027019 | 21493836 | 14348907

4. TyPE III CODE WITH ALL-ONES VECTOR

In this section, we assume the Type III codes that contain the all-
ones vector 1. This additional assumption in Type III codes conclude
that the length of the code n =0 (mod 12).

Lemma 4.1. Let n = 0 (mod 12). The number of self-orthogonal
vectors in FY that are also orthogonal to 1 is 3""2 + 33 — 3271,

Proof. Since n = 0 (mod 12). By Lemma 3.1, we have the number
of self-orthogonal vectors in F} is 3"~! 4+ 32 — 3271, Then clearly the
number of a self-orthogonal vector that are also orthogonal to 1 is
3n2432 — 3371, O

Theorem 4.2. Let n = 0 (mod 12). Let C be a Type 111 code of
length n containing all-ones vector. Then Ng(v) is a Type 111 code
containing all-ones vector if and only if v € Fy s a self-orthogonal
vector not in C such that 1-v = 0.
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Proof. Suppose N¢(v) is a Type III code containing 1. Then v must
be a self-orthogonal vector such that 1-v = 0, otherwise N¢(v) will no
longer a Type III code containing 1.

Conversely, suppose that v € [F% is a self-orthogonal vector not in C
such that 1-v = 0. This implies v € (1)*. Let Cy = {w € C | w-v = 0}.
Then by Lemma 2.1, wt(w + v) = 0 (mod 3). Since C' is a Type III
code, therefore Cj is a subcode of C' with co-dimension 1. This implies
that the weight of each vector in N¢(v) is a multiple of 3. Moreover,
C' contains 1 and 1-v = 0. Hence N¢(v) is a Type III code containing

all-ones vector. O
Theorem 4.3. Let n = 0 (mod 12). Let C' be a Type 111 code of
length n containing all-ones vector. If C' = Ng(v) for some self-

orthogonal vector v such that 1 -v = 0, then C = Neoi(w) for some
self-orthogonal vector w such that 1 -w =0

Proof. Let C be a Type I1I code containing 1 and v be a self-orthogonal
vector not in C such that 1-v = 0. This implies v € (1)*. Then
Co = {u € C'| u-v = 0} isasubcode of C' with co-dimension 1. This im-
plies C' = (Cy, w) for some self-orthogonal vector w such that 1-w = 0.
Clearly, w is orthogonal to each vector in Cy. By Lemma 2.1, we
have wt(v) = 0 (mod 4) and wt(w) = 0 (mod 4). Moreover, by The-
orem 4.2, C" = N¢(v) is a Type III code containing 1. This implies
Ner(w) is also a Type III code. Let Cf = {v/ € C' | v’ - w = 0}. Then
C{ is a subcode of C' with co-dimension 1. Since w is orthogonal to
each vector in Cy, therefore Cfj = Cy. Hence C' = (Cy, w) = (C}, w) =
NC/ (U)) ]
Definition 4.4. Let n = 0 (mod 12). Let Vj(n,1) be the set all
Type III codes of length n containing 1. Let I'yyy(n, 1) := (Vin(n, 1), Em(n, 1))
be a graph, where any two vertices in Vjjj(n,1) are connected by an
edge in Eqp(n,1) if and only if they are neighbors.

The following theorems gives basic properties of I'yj(n) and answers
the various counting questions related to it.

Theorem 4.5. Let n =0 (mod 12). Then the graph Ti(n, 1) is sim-
ple and undirected.

Proof. Since any Type III code containing 1 is not a neighbor of itself,
therefore I'j(n, 1) contains no loop. Moreover, by Theorem 4.3, we
have if C' is connected to C’, then C” is connected to C. This implies
['ir(n, 1) is not a directed graph. O

Theorem 4.6. Let n =0 (mod 12). The graph I'ni(n, 1) is connected
with maximum path length 3 — 1 between two vertices.
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Proof. Let C7 and Cy be two Type I1I codes of length n = 0 (mod 12)
containing 1. Let Cy = (vy,... ,v%>. Then each v; is a self-orthogonal
vector such that 1-v; = 0. This implies each v; € (1)*. Let D; =
N¢,(v1) and D; = Np,_ (v;) for i = 2,...,%. Then Cy, Dy, Dy, ...,
D% is the path from C to Cs. Hence the graph I'j1(n, 1) is connected.
Since each Type III code in T'y1(n, 1) contains 1, they must have a
subspace of dimension 1 in common. This implies that the maximum

distance in the graph I'yji(n, 1) is 5 — 1. O

Theorem 4.7. Let n = 0 (mod 12). Then the number of vertices in
FHI(H, 1) 18 2 H?:_f(?)l + 1)

Proof. We know that the number of Type III codes of length n = 0
(mod 12) containing 1 is 2 Hf;l?(?ﬁ + 1), see [18]. This completes the
proof. O

Lemma 4.8. Letn =0 (mod 12). Let C be a Type 111 code of length n
containing 1. Suppose vy € Fy be a self-orthogonal vector not in C such

that 1-vy = 0. Then the number of self-orthogonal vectors v € F% such
that No(v) = Ne(vg) is 2.327L.

Proof. By Lemmas 2.1 and 2.3, we can obtain the result. 0

Theorem 4.9. Let n =0 (mod 12). Then the graph I'yi(n, 1) is reg-
: 1 n_y
ular with degree 5(32 —1).

Proof. Let C be a Type III code containing 1. Then by Lemma 4.1, we
have the number of self-orthogonal vectors in F% that are orthogonal to
1 but not in C'is 372 — 32!, Moreover, by Lemma 4.8, each Type III
code of length n occurs 2.32 ! times. Hence the degree of each vertex v
n FIH<TL, 1) 18

32 —3:' 321

degrlll(nvl) (U> = 2.3%—1 = 2

t

Theorem 4.10. Let n = 0 (mod 12). Then the number of edges in
the graph T'yp(n, 1) is

79

% [[E+1) | @ -1

=1
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Proof. By Theorem 4.7, the number of vertex in the graph I'y(n, 1)
is 2 H?:f(?)i +1). Since the graph is regular with degree (327! — 1).
Therefore,

2(Bn(n, 1) = [ 2 [+ ) %(3’5—1 _).

This gives the result. O
Remark 4.11. Every Type III code in Vipr(n, 1) is its 0-neighbor.

Let C be a Type III code of length n = 0 (mod 12) containing 1.
For any non-negative integer k, we denote the number of Type III k-
neighbors of C' by Li'(n,1) in T'y(n,1). By Remark 4.11, we have
L{™(n,1) = 1. Now the following theorem gives L(n, 1) for k > 0.

Theorem 4.12. Let n = 0 (mod 12). Let C be a Type 111 code of
length n containing 1. Then for k > 0, we have

k=1/qn—2—i n_1

. 3 — 32

LEI(n’ 1) = HZ;EI( n n_1_i )
szo (32 =3277)

Proof. Let C be a Type I1I code of length n = 0 (mod 12) containing 1.
Then

L' (n,1) = #{D € Vi(n,1) | D is a k-neighbor of C}.

Let Sk(n, 1) be the set of k different self-orthogonal vectors vy, vo, . .., v €
F% and not in C' such that each v; are orthogonal to 1, vy, v, ..., v,_1.
Then

#ways each k-neighbor of C' is generated

Li'(n,1) =

By Lemma 4.1, we have the number of self-orthogonal vectors in F%
that are orthogonal to 1 and not in C is 372 — 327!, Moreover, each
choice of a self-orthogonal vector v; reduces the number of available self-
orthogonal vectors in ambient space by %, since it must be orthogonal
to the previous v; and its weight is multiple of 3. This provides that the
number of choices for the vectors is [} (3727 — 32~1) the number
of choices for self-orthogonal vectors. By using Lemma 2.4 recursively,
we can have Hf;é(S% — 327177) the number of ways each k-neighbor
of C' is generated. Hence

e 5
k— n n_q_4\ °

[T1/=,(3% —35717)

This completes the proof. O

Ly'(n,1) =
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Remark 4.13. Taking £ = 1 in the above theorem, we have

LI IE P Ak LA it AN it
L 32 — 327! 2.3% 9 .

This gives the number of 1-neighbors of a Type III code with 1 as
presented in Theorem 4.9.

Example 4.14. Let n = 12. Then Tiy(n,1) = ?::32(3i +1) =
183680. Moreover, deg(I'i(n)) = 3(327! — 1) = 121. This implies
the graph T'jjp(n, 1) has 183680 vertices and is regular with degree 121.
By Remark 4.11, we have L}(n) = 1 for k = 0. By Theorem 4.12, we

have the following k-neighbors of I'jji(n, 1).

310 _ 35
For l{? =1: L}CH<TL7 1) = m = 121.

10 _“a5\/29 _ a5
(3 3) —3) = 3630.
(36 — 355>(36 _ 345>
(3-3)@ -3 -F)

(36 _ 355>(36 _ 349(36 _ 335> _7 :
310 —35)(3% — 3%)(3% — 3°)(3" — 39)
For k =4: LU(n, 1) = ( = 88209.

or k (n, ) (36 35 (36 _ 34 (36 — 33 (367_ 325)

0 9 8 _ 6 95
For b5 L. 1) B F)E ) 8 8 )
(37— 37) (37— 39)(3° — 37) (37— 37)(3" —3)
Then 1 + 121 + 3630 + 32670 + 88209 + 59049 = 183680 which is the
total number of Type III codes containing 1.

For k=2 L(n,1)=

For k = 3: L}CH(n, 1) =

Now we have the following analogous result of Theorem 3.16.

Theorem 4.15. Let n = 0 (mod 12). The number of Type 111 codes
of length n containing 1 is Z,f:_ol Li(n, 1).

Proof. Let C7 and C5 be any two Type III codes of length n = 0
(mod 12) containing 1. If C; and Cy are connected by a path in I'yyp(n, 1),
then by Theorem 4.6, the maximum path length will be § — 1. This
completes the proof. O

5. TyPE IV CODES

A self-dual code over F; where all codewords have even weights is
called Type IV code. It is well-known that the Type IV code exists
if and only if n = 0 (mod 2). Let Tiy(n) be the number of Type IV
codes of length n =0 (mod 2). From [16, 17, 20], we have an explicit
formula that gives the number Tiy(n) as follows :

= 59049.



14 CHAKRABORTY, CHIARI, MIEZAKI, AND OURA

n_
5—1

(2) Tiv(n) = [T % +1).

i=0
Lemma 5.1. Let n =0 (mod 2). Then the number of self-orthogonal
vectors in FY is 2"71(2" 4+ 1).
Proof. By Lemma 2.2, the number of self-orthogonal vectors of length n =
0 (mod 2) is

C(n,0) 4+ 32C(n,2) +3*C(n,4) +--- 4+ 3"C(n,n),

where C(n, k) is the binomial function. Then immediately it can be
written that

C(n,0) + 3°C(n,2) +3*C(n,4) +--- +3"C(n,n)
R A

2

— 22n—1 4 21’L—1.

Hence the number of self-orthogonal vectors is 2"71(2" + 1). O

Theorem 5.2. Let n = 0 (mod 2). Let C be a Type IV code of
length n. Then Ng(v) is a Type IV code if and only if v € F} is a
self-orthogonal vector.

Proof. Suppose N¢(v) is a Type IV code of length n = 0 (mod 2).
Then v must be a self-orthogonal vector with even weight, otherwise
Ne(v) will no longer a Type IV code.

Conversely, suppose that v € F} is a self-orthogonal vector not in C'.
Then by Lemma 2.2, wt(v) = 0 (mod 2). Since C' is a Type IV code,
therefore Cp = {w € C | w-v = 0} is a subcode of C' with co-
dimension 1. Let w € Cy. Then wt(w + v) = 0 (mod 2), since self-
orthogonal vectors w and v have even weights and are orthogonal to
each other and

(w+v)- (w+v)=w-w+2w-v+v-v=N0.

Therefore, the weight of each vector in No(v) is even and hence N (v)
is a Type IV code. U

Theorem 5.3. Let n = 0 (mod 2). Let C be a Type IV code of
length n. If C" = Ng(v) for some self-orthogonal vector v € Fy, then
C = Ngi(w) for some self-orthogonal vector w € Fy.

Proof. Let C' be a Type IV code and v be a self-orthogonal vector not
in C. Then by Lemma 2.2, we have wt(v) is even. Then Cy = {u €
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C' | u-v =0} is a subcode of C' with co-dimension 1. This implies C' =
(Cp,w) for some self-orthogonal vector w. By Lemma 2.2, wt(w) =0
(mod 2). Clearly, w is orthogonal to each vector in Cy. Moreover, by
Theorem 5.2, C" = N¢(v) is a Type IV code. This implies Nev(w) is
also a Type IV code. Let Cj = {u' € C" | v -w = 0}. Then C{ is a
subcode of C" with co-dimension 1. Since w is orthogonal to each vector
in Cy, therefore C}, = Cy. Hence C = (Cy, w) = (Cf, w) = Nov(w). O

Definition 5.4. Let n =0 (mod 2). Let Viy(n) be the set all Type IV
codes of length n. Let I'tv(n) := (Viv(n), Erv(n)) be a graph, where
any two vertices in Viy(n) are connected by an edge in Epy(n) if and
only if they are neighbors.

The following theorems gives basic properties of I'ry(n) and answers
the various counting questions related to it.

Theorem 5.5. Let n = 0 (mod 2). Then the graph T'ry(n) is simple
and undirected.

Proof. Since any Type IV code is not a neighbor of itself, therefore
['rv(n) contains no loop. Moreover, by Theorem 5.3, we have if C' is
connected to C’, then C’ is connected to C'. This implies I'ty(n) is not
a directed graph. 0

Theorem 5.6. Letn =0 (mod 2). Then the graph I'rv(n) is connected
with mazimum path length 3 between two vertices.

Proof. Let C and Cy be two Type IV codes of length n =0 (mod 2).
Let Cy = (vy,... ,v%>. Then each v; is a self-orthogonal vector such
that wt(v;) = 0 (mod 2). Let Dy := N¢,(v1) and D; := Np,_,(v;) for
i =2,...,5. Then Cy, D1, Dy, ..., Dz = (s is the path from C to
C5. Hence the graph I'ty(n) is connected. To show the maximum path
length between two vertices is 7, let n = 2. Let

Ci = {(07 0)7 (1’ 1)) (w’w>’ (wzv W2)}

be a code of length 2 over Fy. It is easy to check that 7 is Type IV.
Then immediately we have

C3 =1(0,0), (1,w%), (w, 1), (w*,w)},

which is a neighbor of C] have path length 1. Now let the following
k-times direct sums for positive integer k:

Ci=Cl®- &0,
Co=Cy-- & .
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This implies the length of C'; and (5 is 2k and C; N Cy = 0. Hence
there exists two Type IV codes of length n = 0 (mod 2) such that the

maximum path length is § in the graph I'ty(n) is 3. O

Example 5.7. Let C be a code of length 4 over F; with generator

matrix:
1 1 00
0O 01 1/°

It is easy to check that C'is a Type IV code. Then D; := N¢(vy) is a
neighbor of C, where v; = (1,w,0,0) is a self-orthogonal vector in F}
and not in C. Also, Dy := Np,(vs) is a neighbor of Dy, where vy =
(0,0,1,w?) is a self-orthogonal vector in F} and not in D;. Immediately,
Dy and Dy are Type IV codes. The generator matrix of D, is:

1 w 0 0
00 1 w?/)”

Moreover, we can see that C' N Dy = 0. This conclude that the maxi-
mum path length of the graph I'ry(4) is 2.

Theorem 5.8. Let n = 0 (mod 2). Then the number of vertices in
Trv(n) is [I2 (2% +1).

Proof. We can have the number of Type IV codes of length n = 0
(mod 2) from (2). This completes the proof. O

Lemma 5.9. Letn =0 (mod 2). Let C be a Type IV code of length n.
Suppose vy € F} be a self-orthogonal vector not in C. Then the number
of self-orthogonal vectors v € F} such that No(v) = Ne(vg) is 3.42 1.

Proof. By Lemmas 2.2 and 2.4, we can obtain the result. U

Theorem 5.10. Let n =0 (mod 2). Then the graph T'ryv(n) is reqular
with degree 2(2" —1).

Proof. Let C be a Type IV code of length n = 0 (mod 2). Then by
Lemma 5.1, we have the number of self-orthogonal vectors in F} but
not in C' is 2?71 — 2"~1 Moreover, by Lemma 5.9, each Type IV code
of length n occurs 3.42~" times. Hence the degree of each vertex v in
FIv(n) is

22n—1 _ 2n—1 2(2n _ 1)

degrymW) = —F my—=—35
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Theorem 5.11. Letn =0 (mod 2). Then the number of edge in I'ry(n)
18

Proof. By Theorem 5.8, the number of vertex in the graph I'ry(n)
is 2 Hf:?)l(?”l +1). Since the graph is regular with degree (2" —1).
Therefore,
51 9
_ 2i+1 Zion
2|Ev(n)| = |3 2(2 +1) ] 52" =),

This gives the result. U

In the graph I'ty(n), if the shortest path between two vertices has
length k, we call the two vertices are in distance k apart. In this case,

the corresponding two Type IV codes in Viy(n) are called k-neighbors
and share a subcode of co-dimension k.

Remark 5.12. Every Type III code in Viy(n) is its O-neighbor.

Let C be a Type IV code of length n = 0 (mod 2). For any non-
negative integer k, we denote the number of Type IV k-neighbors of C'
by LY (n) in Try(n). By Remark 5.12, we have L{¥(n) = 1. Now the
following theorem gives L}V (n) for k > 0.

Theorem 5.13. Let n = 0 (mod 2). Let C be a Type IV code of
length n. Then for k > 0, we have

k—1/62n—1-2i n—1

C (2 —2

L}CV(n) — Hz:k()_(l : )

Hj:O(Zn — 2n=2-2)

Proof. Let C be a Type IV code of length n =0 (mod 2). Then
LY (n) = #{D € Viy(n) | D is a k-neighbor of C'}.

Let Sk(n) be the set of k different self-orthogonal vectors vy, vy, ..., vx €
7} and not in C such that each v; are orthogonal to vi,vs,...,v;_1.
Then

L}€V<n) _ #5k(n) _
#ways each neighbor of C' is generated
By Lemma 5.1, we have the number of self-orthogonal vectors in F}
that are not in C' is 22"~ — 271,
Moreover, each choice of a self-orthogonal vector v; reduces the num-
ber of available self-orthogonal vectors in ambient space by %, since it is
even weight and must be orthogonal to the previous v;. This provides
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that the number of choices for the vectors is Hi’:& (22n—1-20 _ gn—1)
the number of choices for self-orthogonal vectors. By using Lemma 2.4
recursively, we can have Hf;ol(Z” — 2"=27%7) the number of ways each
neighbor of C' is generated. Hence

k=1/52n—1-2i _ on—1
(2 2"7)

£ () = Uiz .
[ —2-9)
This completes the proof. 0

Remark 5.14. Taking £ = 1 in the above theorem, we have
22n—1 - 2n—1 22n—1 _ 2n—1 2097 — 1
LY (n) = - _Ar-y
2n — 2n—2 3.2n=2 3
This gives the number of 1-neighbors of Type IV codes as presented in
Theorem 5.10

Example 5.15. Let n = 6. Then Tjy(n) = ?:61(22”1 + 1) = 891.
Moreover, deg(T'v(n)) = 2(2"—1) = 42. This implies the graph I'ry(n)
has 891 vertices and is regular with degree 42. By Remark 5.12, we
have L1V(n) = 1 for k = 0. By Theorem 5.13, we have the following
k-neighbors of I'ry(n).

Fork=1: L\Y(n)=

211 _ 25
T
211 _ 25 29 _ 25
( ) ) _ 336
(26 — 924 (26 _ 225)
211 — 25)(29 — 25)(27 — 2°)
For k =3: LIV :( =512

o ) = T e @)
Then 1 4 42 + 336 + 512 = 891 which is the total number of Type IV
codes.

For k=2 L¥(n)=

The following result is the Type IV code analogue of Theorem 3.16.

Theorem 5.16. Let n = 0 (mod 2). Then the number of Type IV
codes of length n is Y 2_o LY (n).

Proof. Let C; and C5 be any two Type IV codes of length n = 0
(mod 4). If C; and Cy are connected by a path in I'ty(n), then by
Theorem 5.6, the maximum path length will be 3. This completes the
proof. O

Example 5.17. Let n = 0 (mod 2) be the length of the Type IV codes,
|Viv(n)| the number of vertices in the graphs I'ry(n). In Table 2, we
listed the k-neighbors of I'tv(n) up to n = 10. Note that in each row

n

k goes from 0 to § and sum the sum of the k-neighbors in each row

is [Viv(n)| as in Theorem 5.16.
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TABLE 2. List of k-Neighbors in I'ry(n) up to n = 10

k-neighbors

no| VM)l |57 D) 3 i 5
2 3 i 2 o 0 0 0
4 27 1] 10| 16 0 0 0
6| 891 1] 42 | 336 | 512 0 0
8 | 114939 || 1|170| 5712 | 43520 | 65536 0
10 | 58963707 || 1| 682 | 92752 | 2068064 | 22347776 | 33554432

6. k-NEIGHBOR GRAPHS

Definition 6.1. Let n = 0 (mod 4). Let Viir(n) be the set all Type III
codes of length n. Let I'%;(n) := (Vin(n), Em(n)) be a graph, where
any two vertices in Vjj(n) are connected by an edge in Eyp(n) if and
only if they are k-neighbors.

Theorem 6.2. Let n = 0 (mod 4). Then the graph T'¥;(n) satisfies
the following properties.

(a) The number of vertices is 2 HZ%:II(ZSZ +1).
T (3 = 35
IT-o(3%7 —3577)

k—1 1— n_1
n—1—1 3
(¢) The number of edges is Hz (3Z + 1)H - 1(3 )
[1;5 (32 — 3271

Proof. Theorems 3.8 and 3.10 shows the statements (a) and (b), re-
spectively. The proof of statement (c) is similar to the proof of Theo-
rem 3.11. 0

Definition 6.3. Let n = 0 (mod 12). Let Vj(n,1) be the set all
Type I1I codes of length n containing 1. Let I';(n, 1) := (Virr(n, 1), Em(n, 1))
be a graph, where any two vertices in Vjj(n, 1) are connected by an

edge in Fyyp(n,1) if and only if they are k-neighbors.

Theorem 6.4. Letn =0 (mod 12). Then the graph T (n, 1) satisfies
the following properties.

(a) The number of vertices is 2 H

(b) The graph is regular with degree

CEED.
-5

[Tj—o(3% —357)

(b) The graph is regular with degree

k=1/gn—2—4 !
(¢) The number of edges is Hz (31 + 1)H T 1(3 — o )
[T;=o (32 —32717)
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Proof. Theorems 4.7 and 4.9 shows the statements (a) and (b), respec-
tively. The proof of statement (c) is similar to the proof of Theo-
rem 4.10. U

Definition 6.5. Let n =0 (mod 2). Let Viv(n) be the set all Type IV
codes of length n. Let Tk, (n) := (Viv(n), Erv(n)) be a graph, where
any two vertices in Vjy(n) are connected by an edge in Ery(n) if and
only if they are neighbors.

Theorem 6.6. Let n = 0 (mod 2). Then the graph T'%;(n) satisfies
the following properties.

(a) The number of vertices is H?;BI(Q%H +1).
H?:—Ol(QQn—l—Qi _ 2n—1)
[T (2 — 222
k=1 /92n—1-2i n—1
n_ . -~ (2 -2
(¢) The number of edges is 3 f:01(222+1+1) H’:k0_<1 , )
Hj:O (2n - 2n_2_21)

Proof. Theorems 5.8 and 5.10 shows the statements (a) and (b), re-
spectively. The proof of statement (c) is similar to the proof of Theo-
rem 95.11. U

(b) The graph is regular with degree

7. AN APPLICATION OF NEIGHBORS IN INVARIANT THEORY

In this section, we investigate the invariant ring of weight enumera-
tors for Type II codes in genus ¢, with particular emphasis on identify-
ing the generators of the ring using the concept of neighbors. A binary
self-dual code C'is called Type II if the weight of each codeword of C
is a multiple of 4. It is known that a Type II code of length n exists
if and only if n = 0 (mod 8). There are 9 Type II codes of length 24
up to equivalence, denoted by C; for : = 1,2,...,9. We present these
codes in Table 3. For detail discussion about C;’s, we refer the reader
to [6, 15, 19].

By d, and d, we denote the code with following generator matrices
for n =0 (mod 8):

11110000 --- 0000 11110000 --- 0000
11001100 --- 0000 11001100 --- 0000

d,: | 11000011 - 0000 [ gt : L
: Lo 11000000 --- 0011

11000000 --- 0011 10101010 --- 1010
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In particular, df is denoted by eg. Additionally, go4 denotes the binary
Golay code of length 24, which is the unique Type II code of this length
that does not include any elements of weight 4, see [19].

TABLE 3. Classification of Type II codes of length 24
Code ‘ Cl Cg 03 04 05 06 07 Cg Cg

Components‘d%2 dloe% dg d‘é doy dS goy diges eg

Next we recall the definitions and known facts from invariant theory.
Here we prefer to denote an element of F§ by a column vector. Let C' be
a Type II code of length n. Then the weight enumerator C' in genus g
is:

Uy

u,veC ackF)

Uy U4
where n, | ¢ | is the number of ¢ such that [ : | = a. Now let us
Ug Ugi
use the following notations for various rings in our discussion:
B@ . the ring of Wég), where C'is Type II,
D@ . the ring of Wéﬁ), where n = 0 (mod 8),

A9 . the ring of W((Jg ), where C'is d and its neighbors.

Clearly, D@ C AW C BY,. Since BYW and D9 are finitely gener-
ated over C, see [9, 10], it follows that 29 is as well. It is proved
in [10, Proposition 2] that ®®) = B however D is strictly smaller
than B®. In this note, we would like to discuss on the ring A of

weight enumerators of Type II code d;} and its neighbors. Table 4 gives
neighbors of code d for n = 8,16, 24.

TABLE 4. d and its neighbors up to length 24

Code ‘ Neighbors (up to equivalence)

& &
+ +
d16 d16

d;r4 Cla C57 C(8
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Now let us define following matrices in GL(29, C):

1+4\? ab
Tg:( 2 ) <(_1)( )>a,bng’

Dg = diag(i®l* for a € FY),

where, S[a] :='aSa for any symmetric g x g matrix S. Let
Gg = <Tg7 D57 C8>

be a subgroup of GL(29,C) generated by T}, Dg and (s, where S runs
over all symmetric matrices of order g and (s = €*™/% is the primitive
8th root of unity. The order of the group G, for g = 1,2, 3 are shown in
Table 5. The group G, acts naturally on the polynomial ring Clz,] :=
Clx, : a € F§]. We denote C[z,]% the invariant ring under the action

of Gy.
TABLE 5. Order of G

g ‘ 1 2 3
|Gg|‘192 92160 743178240

We recall [9, 11, 16] for the dimension formulae of the invariant ring
Clz,]% for g = 1,2, 3 as follows:

. 1 8 16 24
g:l.(l_t8)<1_t24):1+t+t + 2t 4
1+ ¢% 8
=92 =148+t 434+
N R T s B L
) O(t%) + £5720(t)
g=9- (1 —18)(1 — t16)(1 — £24)2(1 — t40)(1 — ¢36) (1 — £72)(1 — t120)
=14+ +2t"0 562 ...,
where

O(t) == 1+ 1>+ 3t + 3t° + 6t° + 87 + 12¢° + 18¢7 + 25¢™°
+ 29t + 40" + 50t + 58t + 69t + 80¢1°
+ 85¢'7 + 9618 + 104t + 10720 4 109t*' 4 56122
It is known that the invariant ring C[x,)% is generated by the weight

enumerators of Type II codes in genus g, see [9, 11, 21]. In particular,
a basis of the vector space generated by the weight enumerators of
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Type II code of length 24 in g = 1,2, 3 is given below:
g=1: W3 wg
.7 2) (2 (2
g:2 . WCQ7WC77WC5
3 3 3 3 3
=3: WY W w w w.

It is can be seen from Table 3 that Cjs is dg, itself. Moreover,
from Table 4 we have Cj, C5 and Cg being the neighbors of d.
Since WC%) and Wé? are algebraically independent, therefore we have
AN = CWS, W] = Cla .

24

The above discussions and [10, Proposition 2], conclude the following
result.

Theorem 7.1. ®W =AM = BN up to the space of degree 24.
Theorem 7.2. ) C A® = B yp to the space of degree 24.

Proof. The code dj, has a neighbor C;. From the dimension formula,
we know that the space of degree 24 in B® has dimension 3. Since
Wg(i) ¢ A it is enough to show that Wézl) belongs to the basis of the
space of degree 24 in A®). Therefore, we consider the genus 2 weight
enumerators of €3, dj, and C;. We select the following monomials of
these weight enumerators:

aa, frah, s,

0 0 1 0 1
where «, # and v represent the coefficients of the monomials. Now we
construct the following 3 x 3 matrix L consisting of the coefficients of
the aforementioned 3 monomials from the selected weight enumerators:

Code | B v

e |1 42 591
df, |1 66 495
Cy |1 30 639

Immediately, Rank(L) = 3. It is known (see [9]) that the ring B® has
the following structure:

(C[W(z) w@ @

eg ) d2+4’ g24?

2) @ w® w®@ e
deo] © C[W¢; ,Wd;, Wi, WdIO}WdBE'
Since Rank(L) = 3, the weight enumerators of €3, dj, and C are
algebraically independent. Thus the space of degree 24 in A® is of
dimension 3 and is same as B2). Moreover, D@ C B see [10]. This
completes the proof. O
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Our computation shows that the dimensions and a basis of the spaces
of degrees 8, 16 and 24 in ®®) are as follows:

TABLE 6. Dimension and basis of ©®) up to length 24

Length | Dimension | Basis (up to equivalence)

8 1 €
16 2 ez, dis
24 3 Cy, C5, Cy

Theorem 7.3. ©©) C AB®) C BO) up to the space of degree 24.

Proof. From Table 4, we have C, (5 and Cg are the neighbors of the
code dg;. Clearly, Cs is dg, itself. Since Wéz) belongs to the basis of the
space of degree 24 in B®) it follows that is true for A3 as well. Since
Wg(i) ¢ AG) it is enough to show that WC(J? belongs to the basis of the

space of degree 24 in A®). Therefore, we consider the genus 3 weight
enumerators of €3, dj,, Cs and C;. We select the following monomials
of these weight enumerators:

20,4 16,8 8 .4 .12 4.2 .6 .6 .6
aryry, Pryry, yroriry, drgrorhriay,
0 1 1 0 0 0 1 01 0 0 1
0 1 0 1 10 0 00 1 0 1

with «a, 3,7,6 being the coefficients of the monomials. Now we con-
struct the following 4 x 4 matrix M consisting of the coefficients of the
aforementioned 4 monomials from the selected weight enumerators:

Code ‘ a p 0 )

es 42 591 9491 592704
di, |66 495 13860 110800
Cs 42 591 9492 762048
4 30 639 7020 659520

It is immediate that Rank(M) = 4. This means Wz, W+, We,, We,
are algebraically independent and form a dimension 4 vector space.
Thus the space of degree 24 in A®) is of dimension 4 and hence it is
strictly smaller than B®). Moreover, the space of degree 24 in ®®) is
of dimension 3 (see Table 6), This completes the proof. O

DECLARATION OF COMPETING INTEREST

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.



NEIGHBORS, NEIGHBOR GRAPHS AND INVARIANT RINGS 25

ACKNOWLEDGEMENTS

This work was supported by JSPS KAKENHI Grant Numbers 22K03277,
24K06827 and SUST Research Centre under Project ID PS/2023/1/22.

DATA AVAILABILITY STATEMENT

The data that support the findings of this study are available from
the corresponding author.

REFERENCES

[1] E.F. Assmus, Jr. and H.F. Mattson, Jr., New 5-designs, J. Combinatorial
Theory 6 (1969), 122-151

[2] W. Bosma, J. Cannon, C. Playoust, The Magma algebra system. I. The user
language, J. Symb. Comp. 24 (1997), 235-265.

[3] R.A. Brualdi, V. Pless, Weight enumerators of self-dual codes, IEEE Trans.
Inform. Theory 37(4) (1991), 1222-1225.

[4] J. H. Conway, V. Pless, and N.J.A. Sloane, Self-dual codes over GF'(3) and
GF(4) of length not exceeding 16, IEEE Trans. Inform. Theory IT-25(3)
(1979), 312-322.

[5] J.H. Conway, and N.J.A. Sloane, Sphere Packings Lattices and Groups, third
edition, Springer, New York, 1999.

[6] J.H. Conway, and N.J.A Sloane, The binary self-dual codes of length up to 32:
A revised enumeration, J. Comb. Theory Ser. A 60 (1992), 183-195.

[7] L.E. Dickson, Linear Groups with an Exposition of the Galois Field Theory,
Published by B.G. Teubner, 1901, Reprinted by Dover Publications, New York,
1958, 44-48.

[8] S.T. Dougherty, The neighbor graph of binary self-dual codes, Des. Codes
Cryptogr. 90 (2022), 409-425.

[9] W. Duke, On codes and Siegel modular form, Int. Math. Res. Notice 5 (1993),
125-136.

[10] M. Fujii, and M. Oura, Ring of weight enumerators of d,}, Tsukuba J. Math.
42(1) (2018), 53-63.

[11] A.M. Gleason, Weight polynomials of self-dual codes and the MacWilliams
identities, in: Actes du Congres International des Mathématiciens (Nice, 1970),
Tome 3, Gauthier-Villars, Paris, 1971, 211-215.

[12] W.C. Huffman, and V. Pless, Fundamentals of Error-Correcting Codes, first
edition, Cambridge University Press, United Kingdom, 2003.

[13] F.J. MacWilliams, A.M. Odlyzko, N.J.A. Sloane, and H.N. Ward, Self-dual
codes over GF(4), J. Comb. Theory 25A (1978), 288-318.

[14] F.J. MacWilliams and N.J.A. Sloane, The Theory of Error-Correcting Codes,
North-Holland Editor, 1977.

[15] A. Munemasa, K. Betsumiya, and M. Harada, A complete classification of
doubly even self-dual codes of length 40, Electron. J. Combin. 19 (3) (2012),
Paper No. 18.

[16] G. Nebe, E.M. Rains, N.J.A. Sloane, Self-Dual Codes and Invariant The-
ory, Algorithms and Computation in Mathematics 17, Springer-Verlag, Berlin,
2006.



26 CHAKRABORTY, CHIARI, MIEZAKI, AND OURA

[17] V. Pless, On the uniqueness of the Golay codes, J. Comb. Theory 5 (1968),
215-228.

[18] V. Pless, and J. N. Pierce, Self-dual codes over GF(q) satisfy a modified
Varshamov-Gilbert bound, Inform. Control 23 (1973), 35-40.

[19] V. Pless, and N.J.A Sloane, On the classification and enumeration of self-dual
codes, J. Comb. Theory Ser. A 18 (1975), 313-335.

[20] R.E. Rains, and N.J.A. Sloane, Self-dual codes, Handbook of Coding theory
Elsevier, Amsterdam, 1998, 177-294.

[21] B. Runge, Codes and Siegel modular forms, Discrete Mathematics Elsevier,
Mannheim, 1996, 175-204.

[22] SageMath, the Sage Mathematics Software System (Version 8.1), The Sage
Developers, 2017, https://www.sagemath.org.

DEPARTMENT OF MATHEMATICS, SHAHJALAL UNIVERSITY OF SCIENCE AND
TECHNOLOGY, SYLHET-3114, BANGLADESH,
Email address: himadri-mat@sust.edu

GRADUATE SCHOOL OF NATURAL SCIENCE AND TECHNOLOGY, KANAZAWA
UNIVERSITY, ISHIKAWA 920-1192, JAPAN,
Email address: williamschiari@gmail.com

FACULTY OF SCIENCE AND ENGINEERING, WASEDA UNIVERSITY, TOKYO 169-
8555, JAPAN,
Email address: miezaki@waseda. jp

FAcuLTY OF MATHEMATICS AND PHYSICS, KANAZAWA UNIVERSITY, [SHIKAWA
920-1192, JAPAN
Email address: oura@se.kanazawa-u.ac.jp



